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ON THE CLASSIFICATION OF HYPERBOLIC
ROOT SYSTEMS OF THE RANK THREE. PART I
Viacheslav V. Nikulin1
Abstract. It was recently understood that from the point of view of automorphic
Lorentzian Kac–Moody algebras and some aspects of Mirror Symmetry, interesting
hyperbolic root systems should have restricted arithmetic type and a generalized
lattice Weyl vector. One can consider hyperbolic root systems with these properties
as an appropriate hyperbolic analog of the classical finite and affine root systems.
This series of papers is devoted to classification of hyperbolic root systems of
restricted arithmetic type and with a generalized lattice Weyl vector ρ, having the
rank 3 (it is the first non-trivial rank). In the Part I we announce classification of the
maximal hyperbolic root systems of elliptic (i.e. ρ2 > 0) and parabolic (i.e. ρ2 = 0)
type, having the rank 3. We give sketch of the proof. Details of the proof and further
results (non-maximal cases) will be given in Part II. Classification for hyperbolic type
(i.e. ρ2 < 0) and applications will be considered in Part III.
0. Introduction
It was recently understood that from the point of view of the theory of Lorentzian
(or hyperbolic) Kac–Moody algebras, some aspects of Mirror Symmetry and some
other theories, interesting hyperbolic root systems should have some very restricted
properties: they have restricted arithmetic type and a generalized lattice Weyl vector
(see Sect. 1.3). One can consider hyperbolic root systems with these properties
as an appropriate hyperbolic analog of the classical finite and affine root systems.
These properties: restricted arithmetic type and existence of a generalized lattice
Weyl vector, are so strong that there is a hope to describe all hyperbolic root
systems with these properties. It was shown [N4], [N5], [N11], [N13] that for the
fixed rank ≥ 3 number of such root systems is essentially finite. For example
number of such maximal root systems of a fixed rank ≥ 3 is finite. It would be
very interesting to classify all hyperbolic root systems of restricted arithmetic type
and with a generalized lattice Weyl vector. It may be of the same importance
as classification of finite and affine root systems having many applications in Lie
algebras theory and other mathematical and physical theories.
This series of papers is devoted to classification of hyperbolic root systems of
restricted arithmetic type and with a generalized lattice Weyl vector, having the
rank 3. For the ranks 1 and 2 this problem is trivial. Thus, the rank 3 is the first
non-trivial case. On the other hand, the rank 3 case is probably the most reach,
complicated and important in applications. For higher rank ≥ 5 some partial results
about this classification for elliptic type (see the definition below) have been known:
see E´.B. Vinberg [V3] for the rank ≥ 30, F. Esselmann [E2] for the rank ≥ 20, C.
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Walhorn [W] for the rank 5, R. Scharlau and C. Walhorn [SW] about some results
for the non-compact case of rank 4. The reason was that hyperbolic lattices of the
rank ≥ 5 represent zero, fundamental domains of their automorphism groups are
not compact. The rank 3 case is mainly non-compact.
Below we present results in more details.
Let S be a hyperbolic lattice (i.e. a non-degenerate integral symmetric bilinear
form of signature (1, n)). We denote by (. , .) the form of the lattice S. An element
α ∈ S is called a root if α2 = (α, α) < 0 and α2|2(α, S). A root α ∈ S defines a
reflection
sα : x 7→ x− (2(x, α)/α
2)α
of the lattice S. A subset ∆ ⊂ S of roots of S is called a root system with the root
lattice S if properties a), b) and c) below are valid:
a) sα(∆) = ∆ for any α ∈ ∆;
b) for any root β ∈ S such that sβ(∆) = ∆ there exists a root β
′ ∈ ∆ such that
β′ = λβ, λ ∈ Q;
c) ∆ generates S ⊗Q.
We denote by W (∆) ⊂ O(S) the group generated by all reflections in roots of
∆ and by
A(∆) = {φ ∈ O+(S) | φ(∆) = ∆}
the group of symmetries of ∆. Let M be a fundamental polyhedron of W (∆) in
the hyperbolic space defined by S (see Sect. 1) and by
A(∆, M) = {φ ∈ A(∆) | φ(M) =M}
the group of symmetries ofM. Then A(∆) =W (∆)⋊A(∆, M). The root system
∆ has restricted arithmetic type if A(∆) has finite index in O(S). The root system ∆
has a generalized lattice Weyl vector if there exist a non-zero ρ ∈ S and a subgroup
A ⊂ A(∆, M) of finite index such that A(ρ) = ρ. The ρ is called a generalized
lattice Weyl vector of ∆ for M.
It is sufficient to describe primitive root systems when all elements of ∆ are
primitive (non-divisible) elements of S. Any other root system is twisted to a
primitive one: one can get it by an appropriate multiplication on restricted natural
numbers of elements of a primitive root system. Further we suppose that ∆ is
primitive. Then ∆ is equivalent to a reflection subgroup W = W (∆) ⊂ O(S).
Really, ∆ is the set of all primitive roots α of S such that the reflection sα ∈ W .
Therefor, by definition, W has restricted arithmetic type and a generalized lattice
Weyl vector if ∆ does. It is easy to prove that if W ⊂ W ′ are two reflection
subgroups of O(S), both groups W and W ′ have restricted arithmetic type and the
groupW has a generalized lattice Weyl vector, thenW ′ also has a generalized lattice
Weyl vector. It follows that the full reflection groupW (S) (generated by reflections
in all roots of S) has restricted arithmetic type and a generalized lattice Weyl vector
if there exists a reflection subgroup W ⊂ W (S) having restricted arithmetic type
and a generalized lattice Weyl vector. A hyperbolic lattice S having this property is
called reflective. Depending on the type of the generalized lattice Weyl vector ρ of
W (S): (ρ, ρ) > 0, (ρ, ρ) = 0 or (ρ, ρ) < 0, the reflective lattice S is called reflective
of elliptic, parabolic or hyperbolic type. Therefor, any primitive root system ∆ of
restricted arithmetic type and with a generalized lattice Weyl vector is a subsystem
of the primitive root system ∆(S) of all primitive roots of the reflective lattice S.
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Root systems ∆(S) of reflective lattices S are especially important: the root system
∆(S) is the maximal hyperbolic root system of restricted arithmetic type and with
a generalized lattice Weyl vector having the root lattice S.
Obviously, S has elliptic type if and only if [O(S) :W (S)] <∞, and this type of
reflective lattices was considered long time ago in papers of E´.B. Vinberg and the
author (see references). Reflective lattices of parabolic and hyperbolic type were
recently studied in [N11] and [N13]. We have the following general result
Theorem 1 ([N4], [N5], [N11], [N13]). For the fixed rank rk S ≥ 3 the set of
primitive (see Sect. 1.4) reflective (of any type) hyperbolic lattices S is finite. In
particular, for the fixed rank rk S ≥ 3, the set of primitive root lattices S of hyper-
bolic root systems of restricted arithmetic type and with a generalized lattice Weyl
vector is finite.
To make a further reduction, we say that an embedding of lattices S1 ⊂ S of the
same rank is called equivariant if it defines the embedding of automorphism groups
O(S1) ⊂ O(S). For an equivariant embedding S1 ⊂ S, the lattice S is reflective if
S1 does. It is easy to prove (and is well-known) that any hyperbolic lattice S1 has
an equivariant (and actually canonical) embedding into an elementary hyperbolic
lattice S. (See Proposition 2.2.2.) Here a lattice L is called elementary if its
discriminant group AL = L
∗/L is elementary: any its p-component ALp
∼= (Z/pZ)rp
is a p-elementary Abelian group. To describe all reflective hyperbolic lattices, it is
sufficient to describe all reflective primitive elementary hyperbolic lattices S and to
describe their primitive reflective equivariant sublattices S1 ⊂ S (of finite index).
In this part I, we give the complete list of all elliptically or parabolically reflective
elementary hyperbolic lattices of rank 3. See Sect. 2.3, basic Theorem 2.3.2.1 and
Theorems 2.3.3.1, 2.3.4.1. We give idea of the proof (see the proof of basic Theorem
2.3.2.1). We use the same method: existing of narrow parts of the fundamental
polyhedron M, which we used to prove the finiteness Theorem 1. Moreover, we
use the additional arithmetic argument: number of classes of central symmetries
of the fundamental polyhedron M (see Lemma 2.3.1.2). Details of the proof will
be given in Part II. In Part II we will also estimate indexes [S : S1] of elliptically
or parabolically reflective primitive equivariant sublattices S1 ⊂ S of the primitive
elementary hyperbolic lattices S of the rank 3. Using this estimate, one can find all
elliptically or parabolically reflective hyperbolic lattices of the rank 3 if one wants.
These estimates are very important in some applications. In Part III we will extend
these results to the hyperbolic type of rank 3 and will give some applications of our
classification.
We hope that our classification will be important in some theories. We mention
that from the point of view of the theory of Lorentzian Kac–Moody algebras, the
rank 3 case is the hyperbolic analog of sl2. Moreover the rank 3 case is more visual
than the rank ≥ 4 case. For the rank 3 case one has to work with polygons (i.e.
fundamental polygons of reflection groups) which are much simpler and much more
visual than polyhedra of dimension ≥ 3.
1.Hyperbolic reflection groups and hyperbolic root systems
1.1. Klein model of hyperbolic space. Let Φ be a hyperbolic linear space (i.e.
Φ is a R-linear space equipped with a non-degenerate symmetric R-bilinear form of
signature (1, n) where n+1 = dimΦ). For x, y ∈ Φ we denote by (x, y) the value at
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the pair (x, y) of the bilinear form corresponding to Φ, we also denote x2 = (x, x).
One can associate to Φ an open cone
V = V (Φ) = {x ∈ Φ | x2 > 0}. (1.1.1)
The V is the disjoint union of two open convex half-cones. We denote by V + =
V +(Φ) one of them. The hyperbolic space corresponding to Φ is the set of rays
L = L(Φ) = V +/R++ = {R++x | x ∈ V +} (1.1.2)
where R++ denote the set of positive real numbers. The distance ρ in L is defined
by the formula
cosh ρ(R++x,R++y) = (x, y)/
√
x2y2. (1.1.3)
Then the curvature of L is equal to −1. The dimension dimL = dimΦ− 1.
Let O(Φ) be the group of automorphisms of the hyperbolic linear space Φ. Then
the group of motions of L is naturally identified with the subgroup O+(Φ) ⊂ O(Φ)
of index 2 of automorphisms which fix the half-cone V +.
A half-space of L is the set
H+δ = {R++x ∈ L| (x, δ) ≥ 0}, (1.1.4)
where δ ∈ Φ and δ2 < 0. The half-space H+δ is bounded by the hyperplane
Hδ = {R++x ∈ L | (x, δ) = 0}. (1.1.5)
The element δ ∈ Φ is defined by the half-space H+δ (respectively, the hyperplane
Hδ) up to multiplication by elements of R++ (respectively, by elements of the set
R∗ of non-zero real numbers). The δ is called the orthogonal vector to the half-space
H+δ (respectively to the hyperplane Hδ).
Consider two half-spaces H+δ1 , H
+
δ2
orthogonal to δ1, δ2 ∈ Φ. Assume that H
+
δ1
6⊂
H+δ2 , H
+
δ2
6⊂ H+δ1 , and intersection H
+
δ1
∩ H+δ2 contains a non-empty open subset of
L(Φ). Then we have two cases:
a) H+δ1 ∩H
+
δ2
is an angle of a value φ where
cosφ = (δ1, δ2)/
√
δ21δ
2
2 (1.1.6)
if −1 ≤ (δ1, δ2)/
√
δ21δ
2
2 ≤ 1.
b) Intersection of the hyperplanes Hδ1 , Hδ2 is empty (they are hyperparallel)
and the distance ρ between them is equal to
cosh ρ = (δ1, δ2)/
√
δ21δ
2
2 (1.1.7)
if 1 ≤ (δ1, δ2)/
√
δ21δ
2
2 .
As usual, we complete L by the set of infinite points R++c where c ∈ Φ, c2 = 0
and (c, V +) > 0. Then L with its infinite points is the closed ball
L = (V + − {0})/R++, (1.1.8)
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where V + is the closure of V + in the linear space Φ. The boundary L∞ = L−L is
the sphere of dimension n − 1. It is called ∞-sphere or infinity of L. We also add
infinite points to half-spaces, hyperplanes and other subsets of L considering their
closure in L.
A non-degenerate convex locally finite polyhedron M in a hyperbolic space L is
the intersection of a set of half-spaces:
M =
⋂
δ∈P (M)
H+δ . (1.1.9)
The M is called non-degenerate ifM contains a non-empty open subset of L. The
M is called locally finite if for any X ∈ L, there exists its open neighbourhood
U ⊂ L such that M∩ U is the intersection with U of a finite set of half-spaces
in L. Here P (M) ⊂ Φ is a finite or countable subset of elements with negative
square. We assume that no two of these elements are proportional and every half-
space H+δ , δ ∈ P (M), defines a face ofM of the highest dimension dimL− 1 (it is
clear what this means, since M is locally finite). Then, the polyhedron M defines
the subset P (M) ⊂ Φ uniquely up to multiplication by R++ elements of P (M).
The set P (M) is called the set of vectors orthogonal to M (or to faces of highest
dimension of M). Below, we only consider locally finite and convex polyhedra.
A polyhedron M is called elliptic (or it has geometrically finite volume) if M is
a convex envelope of a finite set of points in L, some of them at infinity of L.
1.2. Reflection groups of hyperbolic lattices, and hyperbolic root sys-
tems. Let S be a hyperbolic (that is, of signature (1, n)) integral symmetric bi-
linear form over Z. This means that S is a free Z-module of finite rank equipped
with an integral valued symmetric Z-bilinear form and the corresponding real form
Φ = S ⊗ R is hyperbolic (it has signature (1, n) like in Sect. 1.1). For brevity,
S will be referred to as the hyperbolic lattice. Like in Sect. 1.1, we correspond
to a hyperbolic lattice S the hyperbolic space L = L(S) = L(S ⊗ R). From the
theory of integral quadratic forms (more generally, from the theory of arithmetic
discrete groups), it is known that the automorphism group O+(S) is discrete in L;
if rk S ≥ 3, the group O+(S) has a fundamental domain of finite volume which is
an elliptic convex polyhedron (e. g. see [C], [R], [VSh]).
An element α ∈ S is called root if α2 < 0 and α2|2(S, α). If α is a root, then
−α is also a root. A non-zero element x ∈ S is called primitive if x/m /∈ S for
any natural m > 1. Obviously, any root α is multiple to a primitive root which
is called the primitive root of α. If α0 is a primitive root, then λα0 is a root only
for a finite number of λ ∈ N. Really, α0(λ/2) ∈ S
∗ = Hom(S,Z), and λ ≤ 2a(S)
where a(S) is the exponent (the maximal order of elements) of the discriminant
group AS = S
∗/S of S. In particular, λ ≤ 2| det(S)| where the determinant of S is
equal to det(S) = det((ei, ej)) for a bases e1, . . . , en of S. Thus, to find roots, it is
sufficient to find primitive roots and then multiply them on restricted multiplicities.
Any root α ∈ S defines the reflection sα ∈ O
+(S) which is given by the formula
x 7→ x−
2(x, α)
α2
α, x ∈ S. (1.2.1)
The reflection depends only from ±α0 where α0 is the primitive root of α. The
reflection sα acts in L = L(S) as the reflection in the hyperplane Hα orthogonal to
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the root α (i.e. sα is identical on Hα and changes two half-spaces bounded by Hα).
It is easy to see that an automorphism φ ∈ O+(S) gives a reflection in a hyperplane
of L if and only if φ is a reflection in some root of the lattice S.
All reflections sα in all roots of S generate the reflection group W (S) ⊂ O
+(S)
of the lattice S. We shall consider subgroups W ⊂W (S) generated by some set of
reflections of S. We shall call W by reflection subgroup of S.
Let W be a reflection subgroup of S. From the theory of groups generated
by reflections (e.g. see [V1], [V4], [VSh]), it follows that W has a fundamental
polyhedron M in L which is the closure of a connected component of L without
hyperplanes of all reflections from W . The polyhedronM is a convex locally finite
polyhedron. We always assume that the set P (M) of orthogonal vectors to M
is a set of roots of S. It is also called the set of simple roots. The group W is
generated by reflections sα, α ∈ P (M). The set {sα | α ∈ W (P (M))} gives then
all reflections of the reflection subgroup W . The set ∆ = W (P (M)) is called a
(hyperbolic) root system of the lattice S. One can then look at the lattice S as
a root lattice. Hyperbolic root systems are very important for some theories, for
example, for the theory of Lorentzian (or hyperbolic) Kac–Moody algebras (see
[Kac]). It is clear that to find all possible root systems, it is sufficient to restrict
by primitive root systems containing only primitive roots of S. All other root
systems are twisted to primitive root systems: there roots are multiple (by bounded
multiplicities) to roots of a primitive root system. To find a root system ∆ it is
sufficient to find a system of its simple roots P (M) since ∆ = W (P (M)) where
W is generated by reflections in P (M). To find a system of simple roots P (M), it
is sufficient to find a system of simple primitive roots P (M)pr which is equivalent
to the reflection subgroup W ⊂ W (S). Arbitrary system of simple roots P (M)
is twisted to P (M)pr: one can get it multiplying elements of P (M)pr by some
bounded natural numbers (twisting coefficients).
1.3. Restricted arithmetic type and a generalized lattice Weyl vec-
tor. We denote by
A(P (M)) = {g ∈ O+(S) | g(P (M)) = P (M)} (1.3.1)
the group of symmetries of the fundamental polyhedron (together with the set P (M)
of its orthogonal roots). The group W with the set P (M) of simple roots (equiva-
lently, the root system ∆ = W (P (M))) have restricted arithmetic type (see [N11],
[N10]), if the semi-direct product Aut(∆) = W ⋊ A(P (M)) has finite index in
O+(S). Obviously, A(P (M)) ⊂ A(P (M)pr), and P (M)pr has restricted arith-
metic type if P (M) does. If W and P (M)pr have restricted arithmetic type, we
say that the reflection subgroup W has restricted arithmetic type. A non-zero el-
ement ρ ∈ S is called a generalized lattice Weyl vector if A(ρ) = ρ for a subgroup
A ⊂ A(P (M)) of finite index (equivalently, the orbit A(P (M))(ρ) is finite). Reflec-
tion subgroups W with P (M) (and corresponding root systems ∆ =W (P (M))) of
restricted arithmetic type and with a generalized lattice Weyl vector are important
for the theory of K3 and other surfaces (see [P-S˘S˘], [N1]—[N9], [N12], [N13], [AN1],
[AN2]), so called Borcherds type automorphic products and theory of automorphic
Lorentzian Kac–Moody algebras (see [B2]—[B6], [GN1]—[GN7], [N10], [N11]) and
other theories (e. g. see [HM1], [HM2], [M], [Kaw1], [Kaw2], [CCL] on applications
in Physics). It seems, hyperbolic root systems satisfying these conditions are of the
same importance as well-known finite and affine root systems.
HYPERBOLIC ROOT SYSTEMS 7
It is an interesting but difficult problem to find all hyperbolic root systems ∆
(or corresponding systems of simple roots P (M)) of restricted arithmetic type and
with a generalized lattice Weyl vector.
Below we shall make some general remarks about this problem.
First, root systems, simple root systems and reflection subgroups W of restricted
arithmetic type with a generalized lattice Weyl vector are divided on three types:
Elliptic type: There exists a generalized lattice Weyl vector ρ with positive square
ρ2 > 0.
Parabolic type: There exists a generalized lattice Weyl vector ρ with zero square
ρ2 = 0 and there does not exist a generalized lattice Weyl vector with positive
square.
Hyperbolic type: There exists a generalized lattice Weyl vector ρ with negative
square ρ2 < 0 and there does not exist a generalized lattice Weyl vector with
positive or zero square.
Obviously, W and P (M) of restricted arithmetic type have a generalized lattice
Weyl vector ρ if and only ifW and P (M)pr have restricted arithmetic type and the
same generalized lattice Weyl vector ρ. Thus, to find all W and P (M) of restricted
arithmetic type and with a generalized lattice Weyl vector, we can restrict by
primitive sets P (M)pr which are equivalent to reflection subgroups W ⊂ W (S).
One should find all reflection subgroups W ⊂ W (S) of restricted arithmetic type
and with a generalized lattice Weyl vector for P (M)pr where M is a fundamental
polyhedron for W . Here the set P (M)pr is defined by the reflection subgroup
W ⊂W (S) (up to choosing the fundamental polyhedron M).
1.4. Reflective hyperbolic lattices. Assume that a reflection subgroup W ⊂
W (S) has restricted arithmetic type and a generalized lattice Weyl vector ρ (for
P (M)pr where M is a fundamental polyhedron of W ). Suppose that W ⊂ W
′ ⊂
W (S) where W ′ is a reflection subgroup of restricted arithmetic type. We can
choose a fundamental polyhedron M′ for W ′ such that M′ ⊂ M. If ρ is a gener-
alized lattice Weyl vector for P (M)pr, then ρ is a generalized lattice Weyl vector
for P (M′)pr (one should use that A(P (M
′)pr) ∩ A(P (M)pr) has finite index in
A(P (M′)pr) since W has restricted arithmetic type). Thus, W
′ also has a gener-
alized lattice Weyl vector. If W has elliptic type, then W ′ also has elliptic type.
If W has parabolic type, then W ′ has parabolic or elliptic type. If W has hy-
perbolic type, then W ′ has either hyperbolic, or parabolic, or elliptic type. The
full reflection group W (S) of the lattice S obviously has restricted arithmetic type:
it is normal in O+(S). Thus, W (S) itself has restricted arithmetic type and a
generalized lattice Weyl vector if W (S) has a reflection subgroup W ⊂ W (S) of
restricted arithmetic type and with a generalized lattice Weyl vector. Hyperbolic
lattices S with this property are called reflective. Thus, (equivalently) a hyperbolic
lattice S is reflective if it has a generalized lattice Weyl vector for its reflection
group W (S). Depending on the type (elliptic, parabolic or hyperbolic) of W (S)
the reflective lattice S is called reflective of elliptic, parabolic or hyperbolic type or
elliptically, parabolically or hyperbolically reflective. It seems that these maximal
reflection groups W (S) having a generalized lattice Weyl vector are especially in-
teresting. Moreover, for reflective lattices S, one can try to find out all reflection
subgroups W ⊂ W (S) of restricted arithmetic type and with a generalized lattice
Weyl vector. If the lattice S is not reflective, any reflection subgroup W ⊂ W (S)
of restricted arithmetic type does not have a generalizes lattice Weyl vector.
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Multiplication of the form of a lattice S does not change anything. Thus, we
can always suppose that the lattice S is primitive, i.e. S(1/k) is not a lattice for
any natural k > 1. Here K(r) denote a lattice which is obtained by multiplication
of the form of a lattice K on r ∈ Q.
We have the following general result:
Theorem 1.4.1 ([N4], [N5], [N11], [N13]). For the fixed rank rk S ≥ 3 the set of
primitive reflective hyperbolic lattices S is finite.
Cases rk S = 1 or 2 are trivial. Any hyperbolic lattice S of rk S = 1 is reflective
since O+(S) is trivial. If rk S = 2, the lattice S is reflective if and only if either
S has a non-zero element with square 0 (then O+(S) is finite and S is reflective of
elliptic type) or S has at least one root (then S is also reflective of elliptic type).
The main subject of these series of papers is to describe hyperbolic reflective
lattices of rank 3. We apply the same method (of narrow parts of polyhedra)
which was applied to prove Theorem 1. But to find all possibilities, we need to
improve this method and add some additional arithmetic arguments. Certainly,
classification is more delicate problem than proving finiteness.
2. Classification of reflective hyperbolic lattices of the
rank 3 and of elliptic or parabolic type: formulations
2.1. The principle of classification. Let S1 be a hyperbolic lattice and S1 ⊂ S2
its overlattice. Here and in what follows we consider only embeddings of lattices
of the same rank. If the embedding S1 ⊂ S2 induces an embedding of the auto-
morphism groups O(S1) ⊂ O(S2) (in general, these groups are commensurable),
we say that the embedding S1 ⊂ S2 is an equivariant embedding. We remark that
index [O(S2) : O(S1)] is always finite because both groups O
+(S2) and O
+(S1)
have a fundamental domain of finite volume in naturally identified hyperbolic
spaces L(S1 ⊗ R) = L(S2 ⊗ R). It follows that for the equivariant embedding,
W (S1) ⊂ W (S2) and both groups W (S1) and W (S2) have restricted arithmetic
type. It follows that the lattice S2 is reflective if the lattice S1 is reflective. Obvi-
ously, S2 is primitive if S1 does. A lattice S is called maximal if it does not have
equivariant embeddings to other lattices of the same rank except the lattice S itself.
Our principle of classification of reflective hyperbolic lattices of the rank 3 is
as follows: We define elementary lattices such that any lattice has an equivariant
embedding into an elementary one. We give the list of reflective elementary hyper-
bolic lattices of the rank 3. Thus, any reflective hyperbolic lattice of the rank 3 has
an equivariant embedding into a lattice of this list. For any reflective elementary
hyperbolic lattice S of rank 3 we calculate the set of simple roots P (M)pr of W (S)
and the Gram matrix G(P (M)pr) = ((α, β)), α, β ∈ P (M)pr. Moreover, we es-
timate indexes [S : S1] of its primitive reflective sublattices S1 ⊂ S, and one can
find all of them if one needs (their number is obviously finite). It seems, reflective
elementary hyperbolic lattices are especially interesting (e. g. they contain maxi-
mal reflective hyperbolic lattices), and finding all of them is especially important.
On the other hand, the mere fact that a lattice S1 has an equivariant embedding
S1 ⊂ S into a known lattice S contains a lot of information about the lattice S1
itself. For example, det(S1) = det(S)[S : S1]
2, a primitive root α1 of S1 is equal to
tα where α is a primitive root of S and t ≤ [S : S1], it follows α
2
1 = t
2α2.
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2.2. Elementary hyperbolic lattices of the rank 3. We recall some elements
of the discriminant form technique (see [N1]).
Let L be an arbitrary lattice (equivalently, a non-degenerate integral symmetric
bilinear form). The lattice L is called odd if there exists x ∈ L with odd square x2.
Otherwise, L is called even.
The group AL = L
∗/L is called the discriminant group of L. Its order ♯AL =
| det(L)|. We extend the form of L to the dual lattice L ⊂ L∗ = Hom(L,Z). It
then takes values in Q and defines (considering mod L) a non-degenerated finite
symmetric bilinear form
bL : AL × AL → Q/Z. (2.2.1)
If the lattice L is even, one similarly defines a finite quadratic form
qL : AL → Q/2Z (2.2.2)
with the symmetric bilinear form bL. These forms are called the discriminant
bilinear and the discriminant quadratic form of the lattice L.
An overlattice L ⊂ L˜ is defined by an isotropic (for bL) subgroup HL˜ = L˜/L ⊂
AL. The discriminant bilinear form of L˜ is then equal to
bL˜ = bL|(H
⊥
L˜
/HL˜). (2.2.3)
If the lattice L is even and the subgroup HL˜ is also isotropic for the discriminant
quadratic form qL, then L˜ is even and
qL˜ = qL|(H
⊥
L˜
/HL˜). (2.2.4)
For a prime p, we denote as Ap the p-component of AL, and bp and qp restrictions
of bL and qL on the subgroup. Consider the p-adic lattice Lp = L ⊗ Zp where Zp
is the ring of p-adic integers and Qp the field of p-adic numbers. One can similarly
define the discriminant group and the discriminant forms ALp , bLp , qLp of Lp. We
have natural identifications: Ap = ALp , bp = bLp and qp = qLp .
Definition 2.2.1. A lattice L is called elementary if for any prime p | det(L)
the p-component ALp is a p-elementary Abelian group: ALp
∼= (Z/pZ)rp . Here
{rp = rp(L) | p | det(L)} are invariants of the elementary lattice L. We have
| det(L)| =
∏
p p
rp . In particular, the invariants rp(L) are defined by det(L).
We have the following simple and well-known
Proposition 2.2.2. Any lattice L has an equivariant embedding into an elemen-
tary lattice.
Proof. Let ptp be the exponent of the group Ap = ALp . It means that p
tpAp = 0 and
ptp−1Ap 6= 0. If L is elementary, L has an equivariant embedding into itself. If L
is not elementary, one of exponents tp > 1. Obviously, bLp : Ap×Ap →
1
ptp
Z/Z. It
follows that subgroup Hp = p
tp−1Ap ⊂ Ap is isotropic. It is not zero and is invariant
with respect to O(L). It follows that Hp defines an equivariant embedding L ⊂ L˜
with L˜/L = Hp and index ♯Hp. If the lattice L˜ is not elementary, we repeat the
procedure for L˜. This procedure is finite because det(L1) = det(L)[L1 : L]
−2 for an
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overlattice L ⊂ L1 of finite index [L1 : L] where det(L) and det(L1) are integers.
It proves Proposition.
Let L be an elementary lattice, m ∈ N and m is square-free. The lattice
L∗,m(m) = (L∗ ∩
1
m
L)(m) (2.2.5)
is called m-dual to the lattice L. This lattice is also elementary and
rp(L
∗,m(m)) =
{
rp(L), if p ∤ m
rk L− rp(L) if p | m
. (2.2.6)
One can also see that L∗,m(m) ⊗ Zp = L ⊗ Zp if p ∤ m, and L∗,m(m) ⊗ Zp =
(L⊗ Zp)∗(p) if p | m. Moreover,
(L∗,m(m))∗,m(m) = L (2.2.7)
which shows that it really is a duality. More generally, for two square-free numbers
m1, m2 one has
(L∗,m1(m1))
∗,m2(m2) = L
∗,m(m) (2.2.7’)
where m = l.c.m.(m1, m2)/g.c.d(m1, m2). It follows that one has a natural identi-
fication
O(L) = O(L∗,m(m)). (2.2.8)
If L is a hyperbolic lattice, one can look at this equality as follows: Hyperbolic
spaces and actions of automorphism groups in these spaces of L and L∗,m(m) are
naturally identified.
Now we consider only primitive elementary hyperbolic lattices of rank 3. Let F
be a primitive elementary hyperbolic lattice of the rank 3 and det(F ) =
∏
p p
rp .
Since F is primitive, 0 ≤ rp ≤ 2. Let m be the product of all prime p such that
p | det(F ) and rp = 2. Equivalently, det(F ) = (det(F )/m)m where both natural
numbers det(F )/m and m are square-free. By (2.2.6), the m-dual lattice
S = F ∗,m(m) (2.2.9)
has then a square-free determinant det(S) = det(F )/m. Thus we have
Proposition 2.2.3. Any primitive elementary hyperbolic lattice F of the rank three
is m-dual to a hyperbolic lattice S with a square-free determinant d = det(S) where
m | d. Then det(F ) = dm. A lattice with a square-free determinant is (obviously)
elementary and primitive.
By Proposition 2.2.3, it is sufficient to describe hyperbolic lattices of the rank
three with a square-free determinant. Let S be a hyperbolic lattice with a square-
free determinant d = det(S). If d is odd, then S is also odd (otherwise, the 2-adic
lattice S ⊗ Z2 is even unimodular of odd rank, which is impossible). If d is even,
then the lattice S may be even or odd. If S is odd (respectively even) we say
that S has odd type (respectively even type). For odd prime p | d the discriminant
bilinear form bSp
∼= bθp(p) where bθp(p) is the discriminant bilinear form of the
p-adic 1-dimensional lattice 〈θpp〉 where θp ∈ Z∗p/(Z
∗
p)
2 ∼= {±1} by isomorphism
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θp →
(
θp
p
)
= (−1)ηp where
(
.
p
)
is the Legendre symbol and ηp ∈ {0, 1}. (Here
and in what follows 〈A〉 denote a lattice with the matrix A.) Thus, the lattice S
with a square-free determinant d has the invariant
η = {ηp | odd p | d} where ηp ∈ {0, 1} and (−1)
ηp =
(
θp
p
)
. (2.2.10)
Below we code this invariant by a non-negative integer η having a binary decom-
position
η = ηpt ....ηp1 (2.2.10’)
where p1, . . . , pt are all odd prime divisors of d in increasing order. For example,
for d = 30 = 2 · 3 · 5 the invariant η = 2 means that
(
θ3
3
)
= 1,
(
θ5
5
)
= −1
We have
Proposition 2.2.4. A hyperbolic lattice S of rank three and with a square-free
determinant is defined up to isomorphism by the invariants (d, type, η).
Proof. Invariants (d, type, η) define the discriminant bilinear form of S. By [N1],
the signature, type and discriminant bilinear form of S define the genus of S. By
general results of Eichler and Kneser on spinor genus of indefinite lattices of rank
≥ 3 (see [E1], [Kn] and also [C]), elementary lattices of rank ≥ 3 have only one
class in a genus. It proves the statement.
Definition 2.2.5. A hyperbolic lattice S of the rank three and with a square-free
determinant d is called main if type ≡ d mod 2. In other words, the lattice S
should be even if the determinant d is even. If the determinant d is odd, then the
lattice S will be necessarily odd. In particular, main hyperbolic lattices of rank
three and with a square-free determinant are defined by the invariants (d, η).
Main hyperbolic lattices of the rank three and with a square-free determinant
are the most important. Really, suppose that S˜ has rank three and square-free
determinant, but it is not main. Then the determinant d(S˜) = 2d is even but the
lattice S˜ is odd. Let S˜ev ⊂ S˜ be the maximal even sublattice of S˜. It has index
two. Considering S˜ ⊗ Z2, one finds that S˜ev = S(2) where S has the determinant
d and is then main odd hyperbolic lattice. By the construction, O(S˜) ⊂ O(S).
Thus, main hyperbolic lattices of the rank three and with a square-free determinant
have maximal automorphism groups. In particular, if S˜ is reflective, then S is also
reflective. Moreover, we get that any non-main hyperbolic lattice S˜ is the index
two odd overlattice
S(2) ⊂ S˜ (2.2.11)
where S is a main odd hyperbolic lattice. If S has invariants (d, odd, η) (where
d is square-free and odd), then S˜ has invariants (2d, odd, η + ω(d)) where ω(d) =
{ω(d)p = (p
2 − 1)/8 mod 2 | odd prime p | d}. We use that
(
2
p
)
= (−1)(p
2−1)/8.
For the fixed S, all index 2 odd lattices S˜ in (2.2.11) are isomorphic by Propo-
sition 2.2.3. Thus, (2.2.11) defines the one-to-one correspondence S ↔ S˜ between
odd hyperbolic lattices of rank three and with a square-free determinant where S
has odd determinant d and S˜ has the even determinant 2d.
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We have mentioned that (2.2.11) defines embedding
O(S˜) ⊂ O(S)
since the lattice S(2) is the maximal even sublattice of S˜. Further we can consider
two cases.
Case when lattices S and S˜ are equivariantly equivalent: By definition, it means
that the odd overlattice S(2) ⊂ S˜ is unique. Then (2.2.11) gives O(S˜) = O(S), and
lattices S, S˜ have the same reflective type. By the discriminant form technique, this
means that the 2-component AS(2)2
∼= (Z/2Z)3 of the discriminant group of S(2) has
an unique element w ∈ AS(2)2 with qS(2)(w) = 1 mod 2. Then S˜/S(2) = (Z/2Z)w,
and index two odd overlattice in (2.2.11) is unique. The discriminant quadratic
form qS(2)2 is defined by its signature sign qS(2)2 mod 8 (see [N1] where all finite
quadratic forms on 2-elementary groups were classified). One can easily check that
the element w is unique if and only if sign qS(2)2 ≡ ±1 mod 8. We have (e.g. see
[N1])
∑
p
sign qS(2)p ≡
∑
p|d
(1− p+ 4ηp + 4ω(d)p) + sign qS(2)2 ≡ 1− 2 ≡ −1 mod 8.
It follows that S and S˜ are equivariantly equivalent if and only if∑
p|d
(1− p+ 4ηp + 4ω(d)p) ≡ ±1− 1 ≡ 0 or 6 mod 8.
Case when S and S˜ are not equivariantly equivalent: by definition it means that
the odd index two overlattice S˜ in (2.2.11) is not unique. By consideration above,
it is equivalent to∑
p|d
(1− p+ 4ηp + 4ω(d)p) mod 8 /∈ {0 mod 8, 6 mod 8}.
One can check that then there are three different possibilities for the element w ∈
AS(2)2 with qS(2)(w) = 1 mod 2. Thus, there are three different overlattices S˜
in (2.2.11). All of them give isomorphic lattices S˜ but one cannon expect that
automorphism groups S and S˜ are the same (and it is never the case). The (2.1.11)
defines only embedding O(S˜) ⊂ O(S), and we only have that the reflective type of S˜
is dominated by the reflective type of S. To find all reflective lattices S˜, one should
first find all reflective lattices S, and then check if the lattice S˜ is also reflective.
We summarize these considerations below.
Proposition 2.2.6. All non-main hyperbolic lattices S˜ of rank three and with a
square-free determinant (remind that non-main means that S˜ is odd but det(S˜) = 2d
is even) are in one-to-one correspondence S ↔ S˜ with main odd hyperbolic lattices
S of rank three and with a square-free determinant d = det(S) = det(S˜)/2. The
correspondence is defined by the embedding of lattices
S(2) ⊂ S˜, (2.2.12)
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where S(2) is the maximal even sublattice of S˜ (it has index two).
If S has invariants (d, odd, η), where d is odd square-free, then S˜ has invariants
(2d, odd, η + ω(d)) where
ω(d) = {ω(d)p = (p
2 − 1)/8 mod 2 | odd prime p | d}. (2.2.13)
If ∑
p|d
(1− p+ 4ηp + 4ω(d)p) ≡ ±1− 1 ≡ 0 or 6 mod 8, (2.2.14)
the overlattice S˜ in (2.2.12) is unique, (2.2.12) defines isomorphism O(S˜) = O(S)
and lattices S and S˜ have the same reflective type. We then say that lattices S and
S˜ are equivariantly equivalent.
If ∑
p|d
(1− p+ 4ηp + 4ω(d)p) mod 8 /∈ {0 mod 8, 6 mod 8}, (2.2.15)
(2.2.12) only defines the embedding O(S˜) ⊂ O(S), and reflective type of S˜ is dom-
inated by reflective type of S. For this case we say that lattices S and S˜ are not
equivariantly equivalent.
2.3. The classification of elliptically or parabolically reflective elemen-
tary hyperbolic lattices of the rank 3.
2.3.1. Notation. According to Sect. 2.2, classification of reflective (of any type)
primitive elementary hyperbolic lattices is divided in three parts:
1) Classification of main of them with square-free determinant.
2) Classification of non-main lattices S˜ of them with square-free determinant
where S belongs to 1) and is odd (see Proposition 2.2.6).
3) Taking of m-dual lattices to lattices L from 1) and 2) where m | det(L) (all
of them will be reflective of the same type as L).
For a hyperbolic lattice S, we denote by M a fundamental polyhedron of W (S)
and by P (M)pr the set of orthogonal to M primitive roots from S. We denote by
A(P (M)pr) the group of symmetries of P (M)pr (see (1.3.1)).
Definition 2.3.1.1. An automorphism φ ∈ A(P (M)pr) is called a central sym-
metry if it acts as a central symmetry in the hyperbolic space L(S). Two central
symmetries φ1, φ2 ∈ A(P (M)pr) are equivalent if they are conjugate in A(P (M)pr)
(i.e. φ2 = ξφ1ξ
−1 where ξ ∈ A(P (M)pr). We denote by h = h(S) the number of
classes of central symmetries in A(P (M)pr).
This invariant is important because we have the following trivial
Lemma 2.3.1.2. If a hyperbolic lattice S is reflective of elliptic type, then h =
h(S) ≤ 1. If S is reflective of parabolic type, then h = h(S) = 0. If S is reflective
of hyperbolic type and rk S = 3, then h = h(S) = 0 or 2.
For all reflective elementary hyperbolic lattices S, we give the invariant h = h(S),
the set P (M)pr and the Gram matrix G(P (M)pr) = ((αi, αj)), αi, αj ∈ P (M)pr.
We denote by 〈A〉 a lattice with the matrix A. Thus, one has ((ei, ej)) = A
for a bases {ei} of the lattice. This bases is called standard. We denote by ⊕ the
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orthogonal sum of lattices. Thus, 〈A〉⊕〈B〉 denote a lattice with the matrix A⊕B.
Let A be a matrix of size n×n defining a lattice 〈A〉 with the standard bases {ei}.
We denote by 〈A〉(c11, . . . , c1n; . . . ; cm1, . . . , cmn) the overlattice of 〈A〉 generated
by {ei} and by elements c11e1 + · · · + c1nen, ... , cm1e1 + · · · + cmnen of the dual
lattice 〈A〉∗ ⊂ 〈A〉 ⊗Q where cij ∈ Q.
We denote by U the lattice
U =
〈
0 1
1 0
〉
. (2.3.1.1)
It is unimodular even of signature (1, 1).
2.3.2. Classification of elliptically or parabolically reflective main hyperbolic lat-
tices of rank 3 and with square-free determinant. We remind that a hyperbolic
lattice S of rank three and with square-free determinant d = det(S) is called main
if it is even for even d = det(S). If d is odd, then S will be necessarily odd. By
Proposition 2.2.4, a main hyperbolic lattice S of rank three and with square-free
determinant is defined by invariants (d, η). We have the following basic result:
Basic Theorem 2.3.2.1. Table 1 below gives the complete list (containing 122
cases numerated by N) of main (i.e. even for even determinant) hyperbolic lattices
S of rank 3 and with square-free determinant which are reflective of elliptic or
parabolic type. In Table 1, for each lattice S we give invariants (d, η) defining S
up to isomorphism, number h of classes of central symmetries, matrix of S for
some standard bases, the set P (M)pr in the standard bases and the Gram matrix
G(P (M)pr). All these 122 cases have elliptic type.
If the lattice S represents 0 (i.e. there exists a non-zero x ∈ S with x2 = 0),
we give S in the form S = U ⊕ 〈−d〉. Then the fundamental polygon M is not
compact (i.e. M contains an infinite vertex). In particular, Table 1 contains the
complete list of reflective hyperbolic lattices of elliptic or parabolic type of the form
S = U ⊕ 〈−d〉 where d is square-free. There are 23 these cases corresponding to
d =1, 2, 3, 5, 6, 7, 10, 11, 13, 14, 15, 17, 21, 22, 26,
30, 33, 34, 38, 42, 66, 78, 110.
If S is given in different form, the lattice S does not represent 0 and M is compact.
There are 99 these cases.
Idea of the Proof. Here we give a rough scheme of the proof, details will be given in
Part II. First, we prove a formula for the number h of classes of central symmetries
of main hyperbolic lattices S of rank 3 with a square-free determinant. This formula
uses class-numbers of imaginary quadratic fields and Legendre symbol (we shall give
the formula in Part II). By Lemma 2.3.1.2, elliptically or parabolically reflective
S have h ≤ 1. Using the formula for h, we find all main hyperbolic lattices S of
rank 3 with square-free determinant d ≤ 100000 and h ≤ 1. Their list is given in
Table 3, it contains 206 lattices S. (In Table 3, we give invariants (d, η), h and a
lattice S with these invariants.) Conjectually, Table 3 gives the complete (without
the condition d ≤ 100000) list with the invariant h ≤ 1 of main hyperbolic lattices
S of the rank 3 and with square-free determinant. To avoid this conjecture, we
use the same method (studying of narrow parts of fundamental polyhedra M) we
used to prove finiteness Theorem 1.4.1 (see [N4], [N5], [N11] and also [N8]). This
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method gives a finite list of all possible invariants (d, η) for the reflective lattices S.
Calculating their invariant h (or estimating the invariant d), we find that all of them
having h ≤ 1 belong to Table 3. Using Vinberg’s algorithm [V2], we check reflective
type of all 206 lattices S of Table 3 and calculate their fundamental polygonM for
W (S) if they are reflective. For elliptic and parabolic type, the result is given in
Table 1. Actually, the method of narrow parts of polyhedra permits to find out a
big part of non-reflective lattices of Table 3. In Table 3 we mark by er, pr, hr and
nr elliptically, parabolically, hyperbolically reflective type and non-reflective type
respectively (there are no lattices of parabolic type). It finishes the proof.
We mention an important
Corollary 2.3.2.2. The reflection groups W (S) of lattices S of Table 1 contain
all maximal arithmetic reflection groups W over Q in hyperbolic plane.
Proof. By E´.B. Vinberg [V1], W is a reflection subgroup of finite index W ⊂ O(S1)
of a hyperbolic lattice S1 of rank 3. It follows that the fundamental polygon M
of W is elliptic, the group A(P (M)pr) is finite and has a generalized lattice Weyl
vector ρ with (ρ, ρ) > 0. By considerations in Sect. 2.2 and Theorem 2.3.2.1, the
group W is a reflection subgroup W ⊂W (S) of one of lattices S of Table 1. Since
W is maximal, W = W (S). It proves the statement.
Remark 2.3.2.3. Reflective type of lattices U ⊕ 〈−2k〉 for all k ≤ 60 was found in
[N13]. For k = 2k1 where k1 is odd, the lattice U⊕〈−2k〉 is equivariantly equivalent
to the lattice U⊕〈−k1〉 ∼= 〈1〉⊕〈−1〉⊕〈−k1〉. Thus, between lattices S = U⊕〈−d〉
of Theorem 2.3.2.1, only the lattice S = U ⊕ 〈−33〉 was not considered in [N13].
2.3.3. Classification of elliptically or parabolically reflective non-main hyperbolic
lattices of rank three and with square-free determinant.
We remind that a lattice S of rank three and with square-free determinant is
called non-main if S is odd but its determinant is even. Using Basic Theorem
2.3.2.1, Proposition 2.2.6 and additional considerations and calculations, we get
Theorem 2.3.3.1. Table 2 below gives the complete list (containing 38 cases nu-
merated by N ′) of non-main (i. e. odd with even determinant) hyperbolic lattices
S˜ with square-free determinant and of rank three which are reflective of elliptic or
parabolic type. In Table 2, for each lattice S˜ we give its invariants (d, odd, η), the
number h of classes of central symmetries, matrix of S˜ in a standard bases, invari-
ants (d, η + ω(d)) of the main odd lattice S of S˜ (see Proposition 2.2.6). All these
38 cases have elliptic type.
If S and S˜ are equivariantly equivalent (in Table 2 there are 21 these cases),
we only give the lattice S. For this case, calculation of P (M)pr and G(P (M)pr)
for S˜ follows from calculation of similar sets for S in Table 1 (see Remark 2.3.3.2
below). In particular, all S˜ representing 0 (non-compact case) have this type, then
S˜ = 〈1〉 ⊕ 〈−1〉 ⊕ 〈−d〉 where
d = 2, 6, 10, 14, 22, 26, 30, 34, 42, 66.
If S and S˜ are not equivariantly equivalent (there are 17 these cases), we (like for
Table 1) give P (M)pr and G(P (M)pr) for S˜ in the standard bases.
Remark 2.3.3.2. Suppose that S˜ is equivariantly equivalent to S. Then S(2) ⊂ S˜
is the unique odd overlattice of S(2). Let P (M)pr be the set of orthogonal to M
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primitive roots of S with the Gram matrix ((α, β)), α, β ∈ P (M)pr. We denote by
P˜ (M)pr the set of orthogonal to M primitive roots of the overlattice S(2) ⊂ S˜. It
is
P˜ (M)pr = {α˜ = α | α ∈ P (M)pr & α
2 ≡ 1 mod 2}∪
∪{α˜ = α/2 | α ∈ P (M)pr & α
2 ≡ 2 mod 4}. (2.3.3.1)
It follows that for α˜, β˜ ∈ P˜ (M)pr of the lattice S˜, one has
(α˜, β˜) =


2(α, β), if α2β2 ≡ 1 mod 2
(α, β), if α2β2 ≡ 2 mod 4
(α, β)/2, if α2 ≡ β2 ≡ 2 mod 4
(2.3.3.2)
which describes the Gram matrix of P˜ (M)pr for the lattice S˜ using the Gram
matrix of P (M)pr for the lattice S. Here on the left hand side of (2.3.3.2) we use
the form of the lattice S˜, and on the right hand side of (2.3.3.2) we use the form of
the lattice S.
2.3.4. Classification of elementary hyperbolic lattices of rank three which are
reflective of elliptic or parabolic type.
We remind that a lattice L is called elementary if its discriminant group AL =
L∗/L is elementary: any its p-component is a p-elementary Abelian group: ALp
∼=
(Z/pZ)rp .
By Sect. 2.2, we get
Theorem 2.3.4.1. A primitive elementary hyperbolic lattice F is reflective of el-
liptic or parabolic type if and only if
F ∼= S∗,m(m), m | d (2.3.4.1)
(see (2.2.5)) where S is a lattice of the determinant d = det(S) (it is square-free) of
Tables 1 or 2. Then det(F ) = dm. In particular, for the fixed lattice S the number
of lattices F is equal to 2t where t is the number of prime divisors of d.
Let P (M)pr be the set of orthogonal to M primitive roots of S. Then the set
P˜ (M)pr of orthogonal to M primitive roots of F is equal to
P˜ (M)pr = {α˜ = α/kα,m | α ∈ P (M)pr} (2.3.4.2)
where kα,m is the greatest divisor of m such that α/kα,m ∈ S
∗ (equivalently, if
(α, S) = tZ, then kα,m = g.c.d(t,m)). The Gram matrix of P˜ (M)pr for the lattice
F is equal to (
(α˜, β˜)
)
=
(
(α, β)m
kα,mkβ,m
)
, α˜, β˜ ∈ P˜ (M)pr. (2.3.4.3)
Here, on the left hand side of (2.3.4.3) we use the form of the lattice F , and on the
right hand side of (2.3.4.3) we use the form of the lattice S.
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Table 1.
The list of main hyperbolic lattices
of rank three and with square-free determinant
which are reflective of elliptic or parabolic type.
N = 1 d = 1, η = 0, h = 0: U ⊕ 〈−1〉
 1 0 −10 0 1
−1 1 0



−1 1 11 −1 0
1 0 −2

.
N = 2 d = 2, η = 0, h = 0: U ⊕ 〈−2〉
 1 0 −10 0 1
−1 1 0



−2 2 12 −2 0
1 0 −2

.
N = 3 d = 3, η = 0, h = 0: 〈3〉 ⊕ 〈−1〉 ⊕ 〈−1〉
 0 −1 10 1 0
1 0 −3



−2 1 31 −1 0
3 0 −6

.
N = 4 d = 3, η = 1, h = 0: U ⊕ 〈−3〉

3 0 −1
0 0 1
−1 1 0
1 1 −1




−3 3 3 0
3 −3 0 3
3 0 −2 0
0 3 0 −1

.
N = 5 d = 5, η = 0, h = 0: U ⊕ 〈−5〉

5 0 −1
0 0 1
−1 1 0
2 1 −1




−5 5 5 0
5 −5 0 5
5 0 −2 1
0 5 1 −1

.
N = 6 d = 5, η = 1, h = 0: 〈1〉 ⊕ 〈−10〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 0 1
0 1 0
1 0 −1
1 −1
2
−1
2




−2 0 2 1
0 −10 0 5
2 0 −1 0
1 5 0 −2

.
N = 7 d = 6 = 2 · 3, η = 0, h = 0: U ⊕ 〈−6〉
 3 0 −10 0 1
−1 1 0



−6 6 36 −6 0
3 0 −2

.
N = 8 d = 7, η = 0, h = 1: 〈7〉 ⊕ 〈−1〉 ⊕ 〈−1〉

0 −1 1
0 1 0
1 0 −3
1 −2 −2




−2 1 3 0
1 −1 0 2
3 0 −2 1
0 2 1 −1

.
N = 9 d = 7, η = 1, h = 0: U ⊕ 〈−7〉

7 0 −1
0 0 1
−1 1 0
7 7 −4
3 1 −1




−7 7 7 21 0
7 −7 0 28 7
7 0 −2 0 2
21 28 0 −14 0
0 7 2 0 −1

.
18 V.V. NIKULIN
N = 10 d = 10 = 2 · 5, η = 1, h = 0: U ⊕ 〈−10〉

5 0 −1
0 0 1
−1 1 0
2 2 −1




−10 10 5 0
10 −10 0 10
5 0 −2 0
0 10 0 −2

.
N = 11 d = 11, η = 0, h = 0: 〈11〉 ⊕ 〈−1〉 ⊕ 〈−1〉

0 −1 1
0 1 0
3 0 −11
1 −2 −3




−2 1 11 1
1 −1 0 2
11 0 −22 0
1 2 0 −2

.
N = 12 d = 11, η = 1, h = 1: U ⊕ 〈−11〉

11 0 −1
0 0 1
−1 1 0
7 7 −3
55 44 −21
66 44 −23
7 3 −2
5 1 −1




−11 11 11 44 253 231 11 0
11 −11 0 33 231 253 22 11
11 0 −2 0 11 22 4 4
44 33 0 −1 0 11 4 9
253 231 11 0 −11 11 11 44
231 253 22 11 11 −11 0 33
11 22 4 4 11 0 −2 0
0 11 4 9 44 33 0 −1


.
N = 13 d = 13, η = 0, h = 1: U ⊕ 〈−13〉

13 0 −1
0 0 1
−1 1 0
3 2 −1
104 39 −25
234 78 −53
55 17 −12
6 1 −1




−13 13 13 13 182 325 65 0
13 −13 0 13 325 689 156 13
13 0 −2 1 65 156 38 5
13 13 1 −1 0 13 5 2
182 325 65 0 −13 13 13 13
325 689 156 13 13 −13 0 13
65 156 38 5 13 0 −2 1
0 13 5 2 13 13 1 −1


.
N = 14 d = 13, η = 1, h = 1: 〈26〉 ⊕ 〈−2〉 ⊕ 〈−1〉(1/2, 1/2, 0)

0 0 1
0 1 0
5 0 −26
1 −1 −5
1
2
−3
2 −2
3
2
−13
2 0




−1 0 26 5 2 0
0 −2 0 2 3 13
26 0 −26 0 13 195
5 2 0 −1 0 26
2 3 13 0 −2 0
0 13 195 26 0 −26

.
N = 15 d = 14 = 2 · 7, η = 1, h = 0: U ⊕ 〈−14〉

7 0 −1
0 0 1
−1 1 0
3 2 −1




−14 14 7 0
14 −14 0 14
7 0 −2 1
0 14 1 −2

.
N = 16 d = 15 = 3 · 5, η = 0, h = 0: 〈3〉 ⊕ 〈−5〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
1 −1 0




−1 0 3 0
0 −5 0 5
3 0 −6 3
0 5 3 −2

.
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N = 17 d = 15 = 3 · 5, η = 1, h = 0: 〈5〉 ⊕ 〈−3〉 ⊕ 〈−1〉

0 0 1
0 1 0
2 0 −5
1 −1 −2
3 −5 0




−1 0 5 2 0
0 −3 0 3 15
5 0 −5 0 30
2 3 0 −2 0
0 15 30 0 −30

.
N = 18 d = 15 = 3 · 5, η = 2, h = 0: U ⊕ 〈−15〉

15 0 −1
0 0 1
−1 1 0
5 5 −2
9 3 −2
7 1 −1




−15 15 15 45 15 0
15 −15 0 30 30 15
15 0 −2 0 6 6
45 30 0 −10 0 10
15 30 6 0 −6 0
0 15 6 10 0 −1

.
N = 19 d = 15 = 3 · 5, η = 3, h = 0: 〈15〉 ⊕ 〈−1〉 ⊕ 〈−1〉

0 −1 1
0 1 0
1 0 −5
1 −3 −3




−2 1 5 0
1 −1 0 3
5 0 −10 0
0 3 0 −3

.
N = 20 d = 17, η = 0, h = 0: U ⊕ 〈−17〉

17 0 −1
0 0 1
−1 1 0
17 17 −6
4 2 −1
11 3 −2
8 1 −1




−17 17 17 187 17 17 0
17 −17 0 102 17 34 17
17 0 −2 0 2 8 7
187 102 0 −34 0 34 51
17 17 2 0 −1 0 3
17 34 8 34 0 −2 1
0 17 7 51 3 1 −1


.
N = 21 d = 19, η = 0, h = 1: 〈19〉 ⊕ 〈−1〉 ⊕ 〈−1〉

0 −1 1
0 1 0
13 0 −57
3 −2 −13
1 −2 −4
6 −19 −19




−2 1 57 11 2 0
1 −1 0 2 2 19
57 0 −38 0 19 399
11 2 0 −2 1 57
2 2 19 1 −1 0
0 19 399 57 0 −38

.
N = 22 d = 21 = 3 · 7, η = 0, h = 0: 〈14〉 ⊕ 〈−6〉 ⊕ 〈−1〉(1/2, 1/2, 0)

0 0 1
0 1 0
1
2
−1
2 −2
3
2
−7
2
0




−1 0 2 0
0 −6 3 21
2 3 −2 0
0 21 0 −42

.
N = 23 d = 21 = 3 · 7, η = 1, h = 1: U ⊕ 〈−21〉

21 0 −1
0 0 1
−1 1 0
3 3 −1
5 2 −1
84 21 −13
210 42 −29
61 11 −8
57 9 −7
10 1 −1




−21 21 21 42 21 168 273 63 42 0
21 −21 0 21 21 273 609 168 147 21
21 0 −2 0 3 63 168 50 48 9
42 21 0 −3 0 42 147 48 51 12
21 21 3 0 −1 0 21 9 12 4
168 273 63 42 0 −21 21 21 42 21
273 609 168 147 21 21 −21 0 21 21
63 168 50 48 9 21 0 −2 0 3
42 147 48 51 12 42 21 0 −3 0
0 21 9 12 4 21 21 3 0 −1


.
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N = 24 d = 21 = 3 · 7, η = 2, h = 0: 〈3〉 ⊕ 〈−7〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
7 −4 −7
3 −2 −1




−1 0 3 7 1
0 −7 0 28 14
3 0 −6 0 6
7 28 0 −14 0
1 14 6 0 −2

.
N = 25 d = 21 = 3 · 7, η = 3, h = 0: 〈1〉 ⊕ 〈−7〉 ⊕ 〈−3〉

0 0 1
0 1 0
1 0 −1
3 −1 −1
7 −3 0




−3 0 3 3 0
0 −7 0 7 21
3 0 −2 0 7
3 7 0 −1 0
0 21 7 0 −14

.
N = 26 d = 22 = 2 · 11, η = 0, h = 1: U ⊕ 〈−22〉

11 0 −1
0 0 1
−1 1 0
33 33 −10
88 66 −23
5 2 −1




−22 22 11 143 220 0
22 −22 0 220 506 22
11 0 −2 0 22 3
143 220 0 −22 22 11
220 506 22 22 −22 0
0 22 3 11 0 −2

.
N = 27 d = 23, η = 0, h = 1: 〈23〉 ⊕ 〈−1〉 ⊕ 〈−1〉

0 −1 1
0 1 0
1 0 −5
12 −17 −55
6 −10 −27
1 −3 −4




−2 1 5 38 17 1
1 −1 0 17 10 3
5 0 −2 1 3 3
38 17 1 −2 1 5
17 10 3 1 −1 0
1 3 3 5 0 −2

.
N = 28 d = 26 = 2 · 13, η = 1, h = 0: U ⊕ 〈−26〉

13 0 −1
0 0 1
−1 1 0
4 3 −1
6 2 −1




−26 26 13 13 0
26 −26 0 26 26
13 0 −2 1 4
13 26 1 −2 0
0 26 4 0 −2

.
N = 29 d = 29, η = 1, h = 1: 〈1〉 ⊕ 〈−58〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 0 1
0 1 0
1 0 −1
5 −1
2
−5
2
8 −1 −2
232 −30 −29
23 −3 −2
19 −5
2
−1
2




−2 0 2 5 4 58 4 1
0 −58 0 29 58 1740 174 145
2 0 −1 0 4 174 19 18
5 29 0 −2 1 145 18 20
4 58 4 1 −2 0 2 5
58 1740 174 145 0 −58 0 29
4 174 19 18 2 0 −1 0
1 145 18 20 5 29 0 −2


.
N = 30 d = 30 = 2 · 3 · 5, η = 1, h = 1: U ⊕ 〈−30〉

15 0 −1
0 0 1
−1 1 0
15 15 −4
60 30 −11
7 2 −1




−30 30 15 105 120 0
30 −30 0 120 330 30
15 0 −2 0 30 5
105 120 0 −30 30 15
120 330 30 30 −30 0
0 30 5 15 0 −2

.
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N = 31 d = 30 = 2 · 3 · 5, η = 2, h = 0: 〈10〉 ⊕ 〈−6〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 −12
1
2
0 1 0
2 0 −5
3 −2 −6




−2 3 5 0
3 −6 0 12
5 0 −10 0
0 12 0 −6

.
N = 32 d = 33 = 3 · 11, η = 0, h = 1: 〈3〉 ⊕ 〈−22〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 0 1
0 1 0
2 0 −3
6 −32
−11
2
22 −132
−33
2
4 −32
−3
2




−2 0 6 11 33 3
0 −22 0 33 143 33
6 0 −6 3 33 15
11 33 3 −2 0 6
33 143 33 0 −22 0
3 33 15 6 0 −6

.
N = 33 d = 33 = 3 · 11, η = 1, h = 0: 〈11〉 ⊕ 〈−3〉 ⊕ 〈−1〉

0 0 1
0 1 0
3 0 −11
1 −1 −3
15 −22 −33
1 −2 −1




−1 0 11 3 33 1
0 −3 0 3 66 6
11 0 −22 0 132 22
3 3 0 −1 0 2
33 66 132 0 −66 0
1 6 22 2 0 −2

.
N = 34 d = 33 = 3 · 11, η = 2, h = 1: U ⊕ 〈−33〉

33 0 −1
0 0 1
−1 1 0
4 4 −1
39 27 −8
407 253 −79
68 41 −13
231 132 −43
132 66 −23
13 5 −2
8 2 −1
21 3 −2
121 11 −9
16 1 −1




−33 33 33 99 627 5742 924 2937 1419 99 33 33 66 0
33 −33 0 33 264 2607 429 1419 759 66 33 66 297 33
33 0 −2 0 12 154 27 99 66 8 6 18 110 15
99 33 0 −1 0 33 7 33 33 6 7 30 231 35
627 264 12 0 −6 0 3 33 66 18 30 156 1320 207
5742 2607 154 33 0 −11 0 66 297 110 231 1320 11627 1848
924 429 27 7 3 0 −1 0 33 15 35 207 1848 295
2937 1419 99 33 33 66 0 −33 33 33 99 627 5742 924
1419 759 66 33 66 297 33 33 −33 0 33 264 2607 429
99 66 8 6 18 110 15 33 0 −2 0 12 154 27
33 33 6 7 30 231 35 99 33 0 −1 0 33 7
33 66 18 30 156 1320 207 627 264 12 0 −6 0 3
66 297 110 231 1320 11627 1848 5742 2607 154 33 0 −11 0
0 33 15 35 207 1848 295 924 429 27 7 3 0 −1


.
N = 35 d = 33 = 3 · 11, η = 3, h = 1: 〈1〉 ⊕ 〈−11〉 ⊕ 〈−3〉

0 0 1
0 1 0
1 0 −1
12 −3 −4
44 −12 −11
3 −1 0




−3 0 3 12 33 0
0 −11 0 33 132 11
3 0 −2 0 11 3
12 33 0 −3 0 3
33 132 11 0 −11 0
0 11 3 3 0 −2

.
N = 36 d = 34 = 2 · 17, η = 0, h = 1: U ⊕ 〈−34〉

17 0 −1
0 0 1
−1 1 0
4 4 −1
85 51 −16
204 102 −35
19 8 −3
8 2 −1




−34 34 17 34 323 544 34 0
34 −34 0 34 544 1190 102 34
17 0 −2 0 34 102 11 6
34 34 0 −2 0 34 6 6
323 544 34 0 −34 34 17 34
544 1190 102 34 34 −34 0 34
34 102 11 6 17 0 −2 0
0 34 6 6 34 34 0 −2


.
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N = 37 d = 35 = 5 · 7, η = 0, h = 0: 〈7〉 ⊕ 〈−5〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
1 −1 −2
5 −7 0




−1 0 3 2 0
0 −5 0 5 35
3 0 −2 1 35
2 5 1 −2 0
0 35 35 0 −70

.
N = 38 d = 35 = 5 · 7, η = 2, h = 1: 〈1〉 ⊕ 〈−7〉 ⊕ 〈−5〉

0 0 1
0 1 0
2 0 −1
5 −1 −2
91 −25 −28
140 −40 −41
196 −57 −56
54 −16 −15
9 −3 −2
7 −3 0




−5 0 5 10 140 205 280 75 10 0
0 −7 0 7 175 280 399 112 21 21
5 0 −1 0 42 75 112 33 8 14
10 7 0 −2 0 10 21 8 4 14
140 175 42 0 −14 0 21 14 14 112
205 280 75 10 0 −5 0 5 10 140
280 399 112 21 21 0 −7 0 7 175
75 112 33 8 14 5 0 −1 0 42
10 21 8 4 14 10 7 0 −2 0
0 21 14 14 112 140 175 42 0 −14


.
N = 39 d = 35 = 5 · 7, η = 3, h = 0: 〈35〉 ⊕ 〈−1〉 ⊕ 〈−1〉

0 −1 1
0 1 0
1 0 −7
3 −10 −15
5 −21 −21




−2 1 7 5 0
1 −1 0 10 21
7 0 −14 0 28
5 10 0 −10 0
0 21 28 0 −7

.
N = 40 d = 38 = 2 · 19, η = 0, h = 1: U ⊕ 〈−38〉

19 0 −1
0 0 1
−1 1 0
31 30 −7
171 152 −37
190 152 −39
6 3 −1
9 2 −1




−38 38 19 304 1482 1406 19 0
38 −38 0 266 1406 1482 38 38
19 0 −2 1 19 38 3 7
304 266 1 −2 0 38 7 66
1482 1406 19 0 −38 38 19 304
1406 1482 38 38 38 −38 0 266
19 38 3 7 19 0 −2 1
0 38 7 66 304 266 1 −2


.
N = 41 d = 39 = 3 · 13, η = 0, h = 0: 〈3〉 ⊕ 〈−13〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
2 −1 −1




−1 0 3 1
0 −13 0 13
3 0 −6 3
1 13 3 −2

.
N = 42 d = 39 = 3 · 13, η = 2, h = 1: 〈3〉 ⊕ 〈−26〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 0 1
0 1 0
2 0 −3
5 −1 −5
130 −30 −117
12 −3 −10
52 −14 −39
10 −3 −6
3 −1 −1
26 −9 0




−2 0 6 10 234 20 78 12 2 0
0 −26 0 26 780 78 364 78 26 234
6 0 −6 0 78 12 78 24 12 156
10 26 0 −1 0 2 26 12 9 156
234 780 78 0 −78 0 234 156 156 3120
20 78 12 2 0 −2 0 6 10 234
78 364 78 26 234 0 −26 0 26 780
12 78 24 12 156 6 0 −6 0 78
2 26 12 9 156 10 26 0 −1 0
0 234 156 156 3120 234 780 78 0 −78


.
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N = 43 d = 39 = 3 · 13, η = 3, h = 1: 〈2〉 ⊕ 〈−26〉 ⊕ 〈−3〉(1/2, 1/2, 0)

0 0 1
0 1 0
1 0 −1
6 −1 −4
30 −6 −17
195
2
−41
2
−52
13
2
−3
2 −3
3
2
−1
2
0




−3 0 3 12 51 156 9 0
0 −26 0 26 156 533 39 13
3 0 −1 0 9 39 4 3
12 26 0 −2 0 13 3 5
51 156 9 0 −3 0 3 12
156 533 39 13 0 −26 0 26
9 39 4 3 3 0 −1 0
0 13 3 5 12 26 0 −2


.
N = 44 d = 42 = 2 · 3 · 7, η = 0, h = 0: U ⊕ 〈−42〉

21 0 −1
0 0 1
−1 1 0
6 3 −1
10 2 −1




−42 42 21 21 0
42 −42 0 42 42
21 0 −2 3 8
21 42 3 −6 0
0 42 8 0 −2

.
N = 45 d = 42 = 2 · 3 · 7, η = 3, h = 1: 〈6〉 ⊕ 〈−14〉 ⊕ 〈−2〉(1/2, 1/2, 0)

0 0 1
0 1 0
1 0 −2
6 −2 −9
21
2
−9
2
−14
1
2
−1
2 0




−2 0 4 18 28 0
0 −14 0 28 63 7
4 0 −2 0 7 3
18 28 0 −2 0 4
28 63 7 0 −14 0
0 7 3 4 0 −2

.
N = 46 d = 51 = 3 · 17, η = 0, h = 0: 〈3〉 ⊕ 〈−17〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
17 −6 −17
5 −2 −3
7 −3 0




−1 0 3 17 3 0
0 −17 0 102 34 51
3 0 −6 0 6 21
17 102 0 −34 0 51
3 34 6 0 −2 3
0 51 21 51 3 −6

.
N = 47 d = 51 = 3 · 17, η = 1, h = 1: 〈17〉 ⊕ 〈−3〉 ⊕ 〈−1〉

0 0 1
0 1 0
4 0 −17
1 −1 −4
3 −5 −9
27 −51 −68
4 −8 −9
12 −25 −24
64 −136 −119
5 −11 −8
3 −7 −3
7 −17 0




−1 0 17 4 9 68 9 24 119 8 3 0
0 −3 0 3 15 153 24 75 408 33 21 51
17 0 −17 0 51 680 119 408 2329 204 153 476
4 3 0 −2 0 34 8 33 204 20 18 68
9 15 51 0 −3 0 3 21 153 18 21 102
68 153 680 34 0 −34 0 51 476 68 102 612
9 24 119 8 3 0 −1 0 17 4 9 68
24 75 408 33 21 51 0 −3 0 3 15 153
119 408 2329 204 153 476 17 0 −17 0 51 680
8 33 204 20 18 68 4 3 0 −2 0 34
3 21 153 18 21 102 9 15 51 0 −3 0
0 51 476 68 102 612 68 153 680 34 0 −34


.
N = 48 d = 51 = 3 · 17, η = 3, h = 1: 〈51〉 ⊕ 〈−1〉 ⊕ 〈−1〉

0 −1 1
0 1 0
7 0 −51
1 −2 −7
1 −4 −6
10 −51 −51




−2 1 51 5 2 0
1 −1 0 2 4 51
51 0 −102 0 51 969
5 2 0 −2 1 51
2 4 51 1 −1 0
0 51 969 51 0 −102

.
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N = 49 d = 55 = 5 · 11, η = 0, h = 1: 〈11〉 ⊕ 〈−5〉 ⊕ 〈−1〉

0 0 1
0 1 0
3 0 −11
3 −2 −9
2 −2 −5
5 −6 −10
8 −11 −11
2 −3 −1




−1 0 11 9 5 10 11 1
0 −5 0 10 10 30 55 15
11 0 −22 0 11 55 143 55
9 10 0 −2 1 15 55 27
5 10 11 1 −1 0 11 9
10 30 55 15 0 −5 0 10
11 55 143 55 11 0 −22 0
1 15 55 27 9 10 0 −2


.
N = 50 d = 55 = 5 · 11, η = 3, h = 1: 〈2〉 ⊕ 〈−11〉 ⊕ 〈−10〉(1/2, 0, 1/2)

66 −28 −3
7 −3 0
0 0 1
0 1 0
1
2 0
−1
2
5
2
−1 −1
2
95
2 −20
−7
2
418 −177 −22




−2 0 30 308 51 7 5 0
0 −1 0 33 7 2 5 11
30 0 −10 0 5 5 35 220
308 33 0 −11 0 11 220 1947
51 7 5 0 −2 0 30 308
7 2 5 11 0 −1 0 33
5 5 35 220 30 0 −10 0
0 11 220 1947 308 33 0 −11


.
N = 51 d = 57 = 3 · 19, η = 0, h = 1: 〈1〉 ⊕ 〈−38〉 ⊕ 〈−6〉(0, 1/2, 1/2)

0 0 1
0 1 0
2 0 −1
45 −9
2
−29
2
95 −212
−57
2
3 −1
2
−1
2




−6 0 6 87 171 3
0 −38 0 171 399 19
6 0 −2 3 19 3
87 171 3 −6 0 6
171 399 19 0 −38 0
3 19 3 6 0 −2

.
N = 52 d = 57 = 3 · 19, η = 2, h = 1: 〈3〉 ⊕ 〈−19〉 ⊕ 〈−1〉

223 −84 −123
29 −11 −15
361 −138 −171
5 −2 −1
0 0 1
0 1 0
1 0 −3
3 −1 −3
247 −90 −171
27 −10 −17
96 −36 −55
1216 −457 −684




−6 0 228 30 123 1596 300 42 570 12 3 0
0 −1 0 2 15 209 42 7 114 4 3 19
228 0 −114 0 171 2622 570 114 2280 114 171 1710
30 2 0 −2 1 38 12 4 114 8 17 190
123 15 171 1 −1 0 3 3 171 17 55 684
1596 209 2622 38 0 −19 0 19 1710 190 684 8683
300 42 570 12 3 0 −6 0 228 30 123 1596
42 7 114 4 3 19 0 −1 0 2 15 209
570 114 2280 114 171 1710 228 0 −114 0 171 2622
12 4 114 8 17 190 30 2 0 −2 1 38
3 3 171 17 55 684 123 15 171 1 −1 0
0 19 1710 190 684 8683 1596 209 2622 38 0 −19


.
N = 53 d = 65 = 5 · 13, η = 2, h = 1: 〈5〉 ⊕ 〈−26〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 0 1
0 1 0
3 0 −5
3 −12
−9
2
20 −5 −26
52 −14 −65
17 −5 −20
1 −12
−1
2




−2 0 10 9 52 130 40 1
0 −26 0 13 130 364 130 13
10 0 −5 0 40 130 55 10
9 13 0 −2 1 13 10 4
52 130 40 1 −2 0 10 9
130 364 130 13 0 −26 0 13
40 130 55 10 10 0 −5 0
1 13 10 4 9 13 0 −2


.
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N = 54 d = 66 = 2 · 3 · 11, η = 1, h = 1: U ⊕ 〈−66〉

33 0 −1
0 0 1
−1 1 0
11 11 −2
8 4 −1
99 33 −10
264 66 −23
37 8 −3
121 22 −9
16 2 −1




−66 66 33 231 66 429 660 66 132 0
66 −66 0 132 66 660 1518 198 594 66
33 0 −2 0 4 66 198 29 99 14
231 132 0 −22 0 132 594 99 385 66
66 66 4 0 −2 0 66 14 66 14
429 660 66 132 0 −66 66 33 231 66
660 1518 198 594 66 66 −66 0 132 66
66 198 29 99 14 33 0 −2 0 4
132 594 99 385 66 231 132 0 −22 0
0 66 14 66 14 66 66 4 0 −2


.
N = 55 d = 66 = 2 · 3 · 11, η = 2, h = 1: 〈22〉 ⊕ 〈−6〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 −12
1
2
0 1 0
3 0 −10
10 −2 −33
6 −52
−39
2
1 −1 −3




−2 3 10 27 12 0
3 −6 0 12 15 6
10 0 −2 0 6 6
27 12 0 −2 3 10
12 15 6 3 −6 0
0 6 6 10 0 −2

.
N = 56 d = 69 = 3 · 23, η = 3, h = 0: 〈1〉 ⊕ 〈−23〉 ⊕ 〈−3〉

0 0 1
0 1 0
1 0 −1
69 −12 −23
5 −1 −1
23 −5 0




−3 0 3 69 3 0
0 −23 0 276 23 115
3 0 −2 0 2 23
69 276 0 −138 0 207
3 23 2 0 −1 0
0 115 23 207 0 −46

.
N = 57 d = 70 = 2 · 5 · 7, η = 3, h = 1: 〈2〉 ⊕ 〈−14〉 ⊕ 〈−10〉(0, 1/2, 1/2)

0 0 1
0 1 0
2 0 −1
35 −6 −14
10 −52
−7
2
14 −9
2
−7
2
4 −32
−1
2
21 −8 0




−10 0 10 140 35 35 5 0
0 −14 0 84 35 63 21 112
10 0 −2 0 5 21 11 84
140 84 0 −14 0 112 84 798
35 35 5 0 −10 0 10 140
35 63 21 112 0 −14 0 84
5 21 11 84 10 0 −2 0
0 112 84 798 140 84 0 −14


.
N = 58 d = 77 = 7 · 11, η = 3, h = 0: 〈1〉 ⊕ 〈−11〉 ⊕ 〈−7〉

0 0 1
0 1 0
7 0 −3
21 −3 −7
308 −49 −99
4 −1 −1
3 −1 0




−7 0 21 49 693 7 0
0 −11 0 33 539 11 11
21 0 −14 0 77 7 21
49 33 0 −1 0 2 30
693 539 77 0 −154 0 385
7 11 7 2 0 −2 1
0 11 21 30 385 1 −2


.
N = 59 d = 78 = 2 · 3 · 13, η = 2, h = 0: U ⊕ 〈−78〉

39 0 −1
0 0 1
−1 1 0
6 6 −1
26 13 −3
12 3 −1
19 2 −1




−78 78 39 156 273 39 0
78 −78 0 78 234 78 78
39 0 −2 0 13 9 17
156 78 0 −6 0 12 48
273 234 13 0 −26 0 65
39 78 9 12 0 −6 3
0 78 17 48 65 3 −2


.
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N = 60 d = 85 = 5 · 17, η = 1, h = 1: 〈1〉 ⊕ 〈−34〉 ⊕ 〈−10〉(0, 1/2, 1/2)

476 −35 −136
25 −2 −7
25 −5
2
−13
2
3 −1
2
−1
2
17 −3 0
0 0 1
0 1 0
3 0 −1
45 −5
2
−27
2
67 −9
2
−39
2
1887 −133 −544
560 −40 −161




−34 0 85 153 4522 1360 1190 68 85 17 102 0
0 −1 0 6 221 70 68 5 10 4 51 10
85 0 −10 0 170 65 85 10 35 25 510 135
153 6 0 −2 0 5 17 4 25 27 680 195
4522 221 170 0 −17 0 102 51 510 680 18513 5440
1360 70 65 5 0 −10 0 10 135 195 5440 1610
1190 68 85 17 102 0 −34 0 85 153 4522 1360
68 5 10 4 51 10 0 −1 0 6 221 70
85 10 35 25 510 135 85 0 −10 0 170 65
17 4 25 27 680 195 153 6 0 −2 0 5
102 51 510 680 18513 5440 4522 221 170 0 −17 0
0 10 135 195 5440 1610 1360 70 65 5 0 −10


.
N = 61 d = 87 = 3 · 29, η = 3, h = 1: 〈2〉 ⊕ 〈−58〉 ⊕ 〈−3〉(1/2, 1/2, 0)

0 0 1
0 1 0
1 0 −1
7
2
−1
2
−2
36 −6 −13
348 −59 −116
35 −6 −11
5
2
−1
2
0




−3 0 3 6 39 348 33 0
0 −58 0 29 348 3422 348 29
3 0 −1 1 33 348 37 5
6 29 1 −2 0 29 5 3
39 348 33 0 −3 0 3 6
348 3422 348 29 0 −58 0 29
33 348 37 5 3 0 −1 1
0 29 5 3 6 29 1 −2


.
N = 62 d = 91 = 7 · 13, η = 3, h = 1: 〈1〉 ⊕ 〈−26〉 ⊕ 〈−14〉(0, 1/2, 1/2)

138 −53
2
−15
2
5 −1 0
0 0 1
0 1 0
7 0 −2
6 −1
2
−3
2
3 −1
2
−1
2
56 −21
2
−9
2
312 −119
2
−39
2
329 −63 −19




−2 1 105 689 756 326 17 21 13 0
1 −1 0 26 35 17 2 7 13 7
105 0 −14 0 28 21 7 63 273 266
689 26 0 −26 0 13 13 273 1547 1638
756 35 28 0 −7 0 7 266 1638 1771
326 17 21 13 0 −2 1 105 689 756
17 2 7 13 7 1 −1 0 26 35
21 7 63 273 266 105 0 −14 0 28
13 13 273 1547 1638 689 26 0 −26 0
0 7 266 1638 1771 756 35 28 0 −7


.
N = 63 d = 93 = 3 · 31, η = 0, h = 1: 〈31〉 ⊕ 〈−6〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 −1
2
1
2
0 1 0
1 0 −4
36 −312
−279
2
2 −3
2
−15
2
24 −25 −84
11 −12 −38
150 −3412
−1023
2




−2 3 4 93 3 9 2 0
3 −6 0 93 9 150 72 1023
4 0 −1 0 2 72 37 558
93 93 0 −186 0 1023 558 8835
3 9 2 0 −2 3 4 93
9 150 72 1023 3 −6 0 93
2 72 37 558 4 0 −1 0
0 1023 558 8835 93 93 0 −186


.
N = 64 d = 95 = 5 · 19, η = 3, h = 1: 〈2〉 ⊕ 〈−19〉 ⊕ 〈−10〉(1/2, 0, 1/2)

129
2
−20 −17
2
19 −6 −2
3 −1 0
0 0 1
0 1 0
1
2
0 −1
2
27
2
−4 −5
2
59
2
−9 −9
2
585
2
−90 −83
2
1235 −381 −171




−2 1 7 85 380 22 9 3 5 0
1 −2 0 20 114 9 7 5 25 76
7 0 −1 0 19 3 5 6 45 171
85 20 0 −10 0 5 25 45 415 1710
380 114 19 0 −19 0 76 171 1710 7239
22 9 3 5 0 −2 1 7 85 380
9 7 5 25 76 1 −2 0 20 114
3 5 6 45 171 7 0 −1 0 19
5 25 45 415 1710 85 20 0 −10 0
0 76 171 1710 7239 380 114 19 0 −19


.
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N = 65 d = 102 = 2 · 3 · 17, η = 0, h = 1: 〈2〉 ⊕ 〈−34〉 ⊕ 〈−6〉(0, 1/2, 1/2)

0 0 1
0 1 0
3 0 −2
8 −1 −4
270 −812
−245
2
510 −155
2
−459
2
57 −9 −25
2 −1
2
−1
2




−6 0 12 24 735 1377 150 3
0 −34 0 34 1377 2635 306 17
12 0 −6 0 150 306 42 6
24 34 0 −2 3 17 6 3
735 1377 150 3 −6 0 12 24
1377 2635 306 17 0 −34 0 34
150 306 42 6 12 0 −6 0
3 17 6 3 24 34 0 −2


.
N = 66 d = 105 = 3 · 5 · 7, η = 0, h = 1: 〈2〉 ⊕ 〈−42〉 ⊕ 〈−5〉(1/2, 1/2, 0)

0 0 1
0 1 0
3 0 −2
70 −5 −42
21 −2 −12
90 −10 −49
315
2
−37
2
−84
39
2
−5
2
−10
175
2
−25
2
−42
3
2
−1
2
0




−5 0 10 210 60 245 420 50 210 0
0 −42 0 210 84 420 777 105 525 21
10 0 −2 0 6 50 105 17 105 9
210 210 0 −70 0 210 525 105 805 105
60 84 6 0 −6 0 21 9 105 21
245 420 50 210 0 −5 0 10 210 60
420 777 105 525 21 0 −42 0 210 84
50 105 17 105 9 10 0 −2 0 6
210 525 105 805 105 210 210 0 −70 0
0 21 9 105 21 60 84 6 0 −6


.
N = 67 d = 105 = 3 · 5 · 7, η = 1, h = 0: 〈1〉 ⊕ 〈−21〉 ⊕ 〈−5〉

0 0 1
0 1 0
2 0 −1
8 −1 −3
30 −5 −9
5 −1 −1
70 −15 −7
9 −2 0




−5 0 5 15 45 5 35 0
0 −21 0 21 105 21 315 42
5 0 −1 1 15 5 105 18
15 21 1 −2 0 4 140 30
45 105 15 0 −30 0 210 60
5 21 5 4 0 −1 0 3
35 315 105 140 210 0 −70 0
0 42 18 30 60 3 0 −3


.
N = 68 d = 105 = 3 · 5 · 7, η = 2, h = 1: 〈7〉 ⊕ 〈−15〉 ⊕ 〈−1〉(
108 360 53 15 57 15 3 10 0 0 1 3 69 75 87 1250
−48 −161 −24 −7 −28 −8 −2 −7 0 1 0 −1 −28 −32 −38 −553
−217 −720 −105 −29 −105 −25 −3 0 1 0 −3 −7 −147 −155 −177 −2520
)


−1 0 3 7 147 155 177 2520 217 720 105 29 105 25 3 0
0 −15 0 15 420 480 570 8295 720 2415 360 105 420 120 30 105
3 0 −2 0 42 60 78 1190 105 360 56 18 84 30 12 70
7 15 0 −1 0 10 18 315 29 105 18 7 42 20 12 105
147 420 42 0 −42 0 42 1050 105 420 84 42 336 210 168 1890
155 480 60 10 0 −10 0 210 25 120 30 20 210 160 150 1890
177 570 78 18 42 0 −6 0 3 30 12 12 168 150 156 2100
2520 8295 1190 315 1050 210 0 −35 0 105 70 105 1890 1890 2100 29435
217 720 105 29 105 25 3 0 −1 0 3 7 147 155 177 2520
720 2415 360 105 420 120 30 105 0 −15 0 15 420 480 570 8295
105 360 56 18 84 30 12 70 3 0 −2 0 42 60 78 1190
29 105 18 7 42 20 12 105 7 15 0 −1 0 10 18 315
105 420 84 42 336 210 168 1890 147 420 42 0 −42 0 42 1050
25 120 30 20 210 160 150 1890 155 480 60 10 0 −10 0 210
3 30 12 12 168 150 156 2100 177 570 78 18 42 0 −6 0
0 105 70 105 1890 1890 2100 29435 2520 8295 1190 315 1050 210 0 −35


.
N = 69 d = 105 = 3 · 5 · 7, η = 3, h = 0: 〈14〉 ⊕ 〈−10〉 ⊕ 〈−3〉(1/2, 1/2, 0)

0 0 1
0 1 0
3 0 −7
1
2
−1
2
−1
5
2
−7
2 0




−3 0 21 3 0
0 −10 0 5 35
21 0 −21 0 105
3 5 0 −2 0
0 35 105 0 −35

.
28 V.V. NIKULIN
N = 70 d = 105 = 3 · 5 · 7, η = 5, h = 0: 〈5〉 ⊕ 〈−7〉 ⊕ 〈−3〉

0 0 1
0 1 0
3 0 −5
7 −4 −7
7 −5 −5
1 −1 0




−3 0 15 21 15 0
0 −7 0 28 35 7
15 0 −30 0 30 15
21 28 0 −14 0 7
15 35 30 0 −5 0
0 7 15 7 0 −2

.
N = 71 d = 105 = 3 · 5 · 7, η = 6, h = 0: 〈1〉 ⊕ 〈−15〉 ⊕ 〈−7〉

0 0 1
0 1 0
7 0 −3
15 −2 −5
11 −2 −3
3 −1 0




−7 0 21 35 21 0
0 −15 0 30 30 15
21 0 −14 0 14 21
35 30 0 −10 0 15
21 30 14 0 −2 3
0 15 21 15 3 −6

.
N = 72 d = 105 = 3 · 5 · 7, η = 7, h = 0: 〈10〉 ⊕ 〈−14〉 ⊕ 〈−3〉(1/2, 1/2, 0)

0 0 1
0 1 0
1 0 −2
42 −15 −70
2 −1 −3
8 −5 −10
7 −5 −7
1
2
−1
2
0




−3 0 6 210 9 30 21 0
0 −14 0 210 14 70 70 7
6 0 −2 0 2 20 28 5
210 210 0 −210 0 210 420 105
9 14 2 0 −1 0 7 3
30 70 20 210 0 −10 0 5
21 70 28 420 7 0 −7 0
0 7 5 105 3 5 0 −1


.
N = 73 d = 110 = 2 · 5 · 11, η = 1, h = 1: U ⊕ 〈−110〉

55 0 −1
0 0 1
−1 1 0
22 22 −3
10 5 −1
44 11 −3
18 3 −1
440 55 −21
1980 220 −89
361 39 −16
3938 418 −173
485 50 −21
451 44 −19
27 2 −1




−110 110 55 880 165 275 55 715 2310 385 3960 440 330 0
110 −110 0 330 110 330 110 2310 9790 1760 19030 2310 2090 110
55 0 −2 0 5 33 15 385 1760 322 3520 435 407 25
880 330 0 −22 0 220 132 3960 19030 3520 38742 4840 4620 308
165 110 5 0 −10 0 10 440 2310 435 4840 615 605 45
275 330 33 220 0 −22 0 330 2090 407 4620 605 627 55
55 110 15 132 10 0 −2 0 110 25 308 45 55 7
715 2310 385 3960 440 330 0 −110 110 55 880 165 275 55
2310 9790 1760 19030 2310 2090 110 110 −110 0 330 110 330 110
385 1760 322 3520 435 407 25 55 0 −2 0 5 33 15
3960 19030 3520 38742 4840 4620 308 880 330 0 −22 0 220 132
440 2310 435 4840 615 605 45 165 110 5 0 −10 0 10
330 2090 407 4620 605 627 55 275 330 33 220 0 −22 0
0 110 25 308 45 55 7 55 110 15 132 10 0 −2


.
N = 74 d = 111 = 3 · 37, η = 0, h = 1: 〈3〉 ⊕ 〈−37〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
21 −5 −20
12 −3 −10
148 −38 −111
11 −3 −6
7 −2 −1




−1 0 3 20 10 111 6 1
0 −37 0 185 111 1406 111 74
3 0 −6 3 6 111 15 18
20 185 3 −2 1 74 18 51
10 111 6 1 −1 0 3 20
111 1406 111 74 0 −37 0 185
6 111 15 18 3 0 −6 3
1 74 18 51 20 185 3 −2


.
HYPERBOLIC ROOT SYSTEMS 29
N = 75 d = 130 = 2 · 5 · 13, η = 3, h = 1: 〈10〉 ⊕ 〈−26〉 ⊕ 〈−2〉(1/2, 1/2, 0)

0 0 1
0 1 0
2 0 −5
3
2
−1
2
−3
26 −12 −39
9
2
−5
2
−5
5 −3 −3
195
2
−119
2
−39
98 −60 −35
57
2
−35
2
−9
234 −144 −65
8 −5 0




−2 0 10 6 78 10 6 78 70 18 130 0
0 −26 0 13 312 65 78 1547 1560 455 3744 130
10 0 −10 0 130 40 70 1560 1610 480 4030 160
6 13 0 −2 0 5 18 455 480 146 1248 55
78 312 130 0 −26 0 130 3744 4030 1248 10842 520
10 65 40 5 0 −10 0 130 160 55 520 35
6 78 70 18 130 0 −2 0 10 6 78 10
78 1547 1560 455 3744 130 0 −26 0 13 312 65
70 1560 1610 480 4030 160 10 0 −10 0 130 40
18 455 480 146 1248 55 6 13 0 −2 0 5
130 3744 4030 1248 10842 520 78 312 130 0 −26 0
0 130 160 55 520 35 10 65 40 5 0 −10


.
N = 76 d = 141 = 3 · 47, η = 3, h = 1: 〈1〉 ⊕ 〈−47〉 ⊕ 〈−3〉

0 0 1
0 1 0
1 0 −1
705 −84 −235
41 −5 −13
1081 −134 −329
168 −21 −50
1128 −142 −329
23 −3 −6
423 −57 −94
7 −1 −1
47 −7 0




−3 0 3 705 39 987 150 987 18 282 3 0
0 −47 0 3948 235 6298 987 6674 141 2679 47 329
3 0 −2 0 2 94 18 141 5 141 4 47
705 3948 0 −282 0 1128 282 2679 141 6909 282 5499
39 235 2 0 −1 0 3 47 4 282 13 282
987 6298 94 1128 0 −94 0 329 47 5499 282 6721
150 987 18 282 3 0 −3 0 3 705 39 987
987 6674 141 2679 47 329 0 −47 0 3948 235 6298
18 141 5 141 4 47 3 0 −2 0 2 94
282 2679 141 6909 282 5499 705 3948 0 −282 0 1128
3 47 4 282 13 282 39 235 2 0 −1 0
0 329 47 5499 282 6721 987 6298 94 1128 0 −94


.
N = 77 d = 155 = 5 · 31, η = 3, h = 1: 〈2〉 ⊕ 〈−31〉 ⊕ 〈−10〉(1/2, 0, 1/2)(
114 1705 12 31 0 0 1
2
17
2
4185
2
221
2
7533
2
7105
2
22785 2449
2
−28 −420 −3 −8 0 1 0 −2 −510 −27 −922 −870 −5581 −300
−13 −186 −1 0 1 0 −1
2
−3
2
−527
2
−27
2
−899
2
−843
2
−2697 −289
2
)


−2 0 2 124 130 868 49 7 155 3 31 15 62 1
0 −310 0 1550 1860 13020 775 155 5115 155 3255 2635 15810 775
2 0 −1 0 10 93 7 3 155 6 155 135 837 43
124 1550 0 −62 0 248 31 31 3255 155 4867 4495 28582 1519
130 1860 10 0 −10 0 5 15 2635 135 4495 4215 26970 1445
868 13020 93 248 0 −31 0 62 15810 837 28582 26970 173011 9300
49 775 7 31 5 0 −2 1 775 43 1519 1445 9300 502
7 155 3 31 15 62 1 −2 0 2 124 130 868 49
155 5115 155 3255 2635 15810 775 0 −310 0 1550 1860 13020 775
3 155 6 155 135 837 43 2 0 −1 0 10 93 7
31 3255 155 4867 4495 28582 1519 124 1550 0 −62 0 248 31
15 2635 135 4495 4215 26970 1445 130 1860 10 0 −10 0 5
62 15810 837 28582 26970 173011 9300 868 13020 93 248 0 −31 0
1 775 43 1519 1445 9300 502 49 775 7 31 5 0 −2


.
N = 78 d = 165 = 3 · 5 · 11, η = 0, h = 0: 〈5〉 ⊕ 〈−6〉 ⊕ 〈−22〉(0, 1/2, 1/2)

0 0 1
0 1 0
1 −1
2
−1
2
33 −552
−15
2
1 −1 0




−22 0 11 165 0
0 −6 3 165 6
11 3 −2 0 2
165 165 0 −330 0
0 6 2 0 −1

.
30 V.V. NIKULIN
N = 79 d = 165 = 3 · 5 · 11, η = 3, h = 1: 〈15〉 ⊕ 〈−22〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 0 1
0 1 0
1 0 −3
44 −15 −110
5 −2 −12
22 −21
2
−99
2
4 −5
2
−15
2
2 −3
2
−5
2
22 −35
2
−33
2
13 −21
2
−15
2
286 −465
2
−275
2
27 −22 −12
88 −72 −33
6 −5 0




−2 0 6 220 24 99 15 5 33 15 275 24 66 0
0 −22 0 330 44 231 55 33 385 231 5115 484 1584 110
6 0 −3 0 3 33 15 15 231 150 3465 333 1122 90
220 330 0 −110 0 165 165 275 5115 3465 81785 7920 27060 2310
24 44 3 0 −1 0 10 24 484 333 7920 769 2640 230
99 231 33 165 0 −66 0 66 1584 1122 27060 2640 9141 825
15 55 15 165 10 0 −10 0 110 90 2310 230 825 85
5 33 15 275 24 66 0 −2 0 6 220 24 99 15
33 385 231 5115 484 1584 110 0 −22 0 330 44 231 55
15 231 150 3465 333 1122 90 6 0 −3 0 3 33 15
275 5115 3465 81785 7920 27060 2310 220 330 0 −110 0 165 165
24 484 333 7920 769 2640 230 24 44 3 0 −1 0 10
66 1584 1122 27060 2640 9141 825 99 231 33 165 0 −66 0
0 110 90 2310 230 825 85 15 55 15 165 10 0 −10


.
N = 80 d = 165 = 3 · 5 · 11, η = 4, h = 1: 〈3〉 ⊕ 〈−5〉 ⊕ 〈−11〉

0 0 1
0 1 0
11 0 −6
4 −1 −2
440 −154 −205
91 −33 −42
55 −21 −25
27 −11 −12
154 −66 −67
70 −31 −30
143 −66 −60
10 −5 −4
330 −176 −125
49 −27 −18
15 −9 −5
1 −1 0




−11 0 66 22 2255 462 275 132 737 330 660 44 1375 198 55 0
0 −5 0 5 770 165 105 55 330 155 330 25 880 135 45 5
66 0 −33 0 990 231 165 99 660 330 759 66 2640 429 165 33
22 5 0 −1 0 3 5 5 44 25 66 7 330 57 25 7
2255 770 990 0 −55 0 55 110 1375 880 2640 330 18205 3300 1595 550
462 165 231 3 0 −6 0 12 198 135 429 57 3300 606 300 108
275 105 165 5 55 0 −5 0 55 45 165 25 1595 300 155 60
132 55 99 5 110 12 0 −2 0 5 33 7 550 108 60 26
737 330 660 44 1375 198 55 0 −11 0 66 22 2255 462 275 132
330 155 330 25 880 135 45 5 0 −5 0 5 770 165 105 55
660 330 759 66 2640 429 165 33 66 0 −33 0 990 231 165 99
44 25 66 7 330 57 25 7 22 5 0 −1 0 3 5 5
1375 880 2640 330 18205 3300 1595 550 2255 770 990 0 −55 0 55 110
198 135 429 57 3300 606 300 108 462 165 231 3 0 −6 0 12
55 45 165 25 1595 300 155 60 275 105 165 5 55 0 −5 0
0 5 33 7 550 108 60 26 132 55 99 5 110 12 0 −2


.
N = 81 d = 165 = 3 · 5 · 11, η = 5, h = 1: 〈1〉 ⊕ 〈−55〉 ⊕ 〈−3〉

0 0 1
0 1 0
1 0 −1
9 −1 −3
75 −9 −20
242 −30 −55
120 −15 −26
1320 −166 −275
71 −9 −14
39 −5 −7
45 −6 −5
22 −3 0




−3 0 3 9 60 165 78 825 42 21 15 0
0 −55 0 55 495 1650 825 9130 495 275 330 165
3 0 −2 0 15 77 42 495 29 18 30 22
9 55 0 −1 0 33 21 275 18 13 30 33
60 495 15 0 −30 0 15 330 30 30 105 165
165 1650 77 33 0 −11 0 165 22 33 165 374
78 825 42 21 15 0 −3 0 3 9 60 165
825 9130 495 275 330 165 0 −55 0 55 495 1650
42 495 29 18 30 22 3 0 −2 0 15 77
21 275 18 13 30 33 9 55 0 −1 0 33
15 330 30 30 105 165 60 495 15 0 −30 0
0 165 22 33 165 374 165 1650 77 33 0 −11


.
N = 82 d = 165 = 3 · 5 · 11, η = 6, h = 0 〈1〉 ⊕ 〈−15〉 ⊕ 〈−11〉

0 0 1
0 1 0
3 0 −1
99 −11 −27
20 −3 −5
5 −1 −1
3 −1 0




−11 0 11 297 55 11 0
0 −15 0 165 45 15 15
11 0 −2 0 5 4 9
297 165 0 −33 0 33 132
55 45 5 0 −10 0 15
11 15 4 33 0 −1 0
0 15 9 132 15 0 −6


.
HYPERBOLIC ROOT SYSTEMS 31
N = 83 d = 170 = 2 · 5 · 17, η = 1, h = 1: 〈2〉 ⊕ 〈−10〉 ⊕ 〈−34〉(1/2, 1/2, 0)(
205 147
2
1
2
0 0 4 153
2
65 123
2
89
2
3060 720 176 1377
2
−39 −29
2
−1
2
0 1 0 −17
2
−9 −19
2
−15
2
−544 −129 −32 −255
2
−45 −16 0 1 0 −1 −18 −15 −14 −10 −681 −160 −39 −152
)


−10 0 10 1530 390 110 510 190 90 20 510 90 10 0
0 −2 1 544 145 44 221 90 47 14 476 95 16 34
10 1 −2 0 5 4 34 20 14 7 340 75 16 51
1530 544 0 −34 0 34 612 510 476 340 23154 5440 1326 5168
390 145 5 0 −10 0 85 90 95 75 5440 1290 320 1275
110 44 4 34 0 −2 0 10 16 16 1326 320 82 340
510 221 34 612 85 0 −34 0 34 51 5168 1275 340 1479
190 90 20 510 90 10 0 −10 0 10 1530 390 110 510
90 47 14 476 95 16 34 0 −2 1 544 145 44 221
20 14 7 340 75 16 51 10 1 −2 0 5 4 34
510 476 340 23154 5440 1326 5168 1530 544 0 −34 0 34 612
90 95 75 5440 1290 320 1275 390 145 5 0 −10 0 85
10 16 16 1326 320 82 340 110 44 4 34 0 −2 0
0 34 51 5168 1275 340 1479 510 221 34 612 85 0 −34


.
N = 84 d = 195 = 3 · 5 · 13, η = 3, h = 0: 〈15〉 ⊕ 〈−13〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −5
13 −9 −39
1 −1 −2
13 −15 0




−1 0 5 39 2 0
0 −13 0 117 13 195
5 0 −10 0 5 195
39 117 0 −39 0 780
2 13 5 0 −2 0
0 195 195 780 0 −390

.
N = 85 d = 195 = 3 · 5 · 13, η = 5, h = 1: 〈6〉 ⊕ 〈−26〉 ⊕ 〈−5〉(1/2, 1/2, 0)

0 0 1
0 1 0
5 0 −6
5 −1 −5
11
2
−3
2
−5
15
2
−5
2
−6
39
2
−15
2
−13
35
2
−15
2
−9
11
2
−5
2
−2
2 −1 0




−5 0 30 25 25 30 65 45 10 0
0 −26 0 26 39 65 195 195 65 26
30 0 −30 0 15 45 195 255 105 60
25 26 0 −1 1 10 65 105 50 34
25 39 15 1 −2 0 26 60 34 27
30 65 45 10 0 −5 0 30 25 25
65 195 195 65 26 0 −26 0 26 39
45 195 255 105 60 30 0 −30 0 15
10 65 105 50 34 25 26 0 −1 1
0 26 60 34 27 25 39 15 1 −2


.
N = 86 d = 195 = 3 · 5 · 13, η = 6, h = 0: 〈3〉 ⊕ 〈−65〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
28 −5 −27
115 −21 −105
91 −17 −78
15 −3 −10
13 −3 0




−1 0 3 27 105 78 10 0
0 −65 0 325 1365 1105 195 195
3 0 −6 3 30 39 15 39
27 325 3 −2 0 13 15 117
105 1365 30 0 −15 0 30 390
78 1105 39 13 0 −26 0 234
10 195 15 15 30 0 −10 0
0 195 39 117 390 234 0 −78


.
32 V.V. NIKULIN
N = 87 d = 205 = 5 · 41, η = 1, h = 1: 〈2〉 ⊕ 〈−41〉 ⊕ 〈−10〉(1/2, 0, 1/2)(
107 185
2
533
2
32 820 9 0 0 1
2
5 95
2
1763
2
248 10660 327 840 6888 727
2
−23 −20 −58 −7 −180 −2 0 1 0 −1 −10 −188 −53 −2280 −70 −180 −1477 −78
−11 −17
2
−41
2
−2 −41 0 1 0 −1
2
−1 −13
2
−205
2
−28 −1189 −36 −91 −738 −77
2
)
(
A B
B A
)
where
(
A
B
)
=


−1 0 82 27 1230 40 110 943 52
0 −10 0 10 615 25 85 820 50
82 0 −82 0 615 41 205 2378 164
27 10 0 −1 0 2 20 287 22
1230 615 615 0 −410 0 410 7380 615
40 25 41 2 0 −2 0 82 9
110 85 205 20 410 0 −10 0 5
943 820 2378 287 7380 82 0 −41 0
52 50 164 22 615 9 5 0 −2
17 20 82 13 410 8 10 41 0
20 35 205 40 1435 35 65 410 15
82 205 1763 410 16195 451 1025 7708 369
13 40 410 101 4100 118 280 2173 108
410 1435 16195 4100 168510 4920 11890 93480 4715
8 35 451 118 4920 146 360 2870 147
10 65 1025 280 11890 360 910 7380 385
41 410 7708 2173 93480 2870 7380 60557 3198
0 15 369 108 4715 147 385 3198 171


.
N = 88 d = 210 = 2 · 3 · 5 · 7, η = 2, h = 0: 〈2〉 ⊕ 〈−10〉 ⊕ 〈−42〉(1/2, 1/2, 0)

0 0 1
0 1 0
9 0 −2
70 −6 −15
189
2
−21
2
−20
5 −1 −1
1
2
−1
2
0




−42 0 84 630 840 42 0
0 −10 0 60 105 10 5
84 0 −6 0 21 6 9
630 60 0 −10 0 10 40
840 105 21 0 −42 0 42
42 10 6 10 0 −2 0
0 5 9 40 42 0 −2


.
N = 89 d = 210 = 2 · 3 · 5 · 7, η = 4, h = 1: 〈30〉 ⊕ 〈−14〉 ⊕ 〈−2〉(0, 1/2, 1/2)

0 0 1
0 1 0
1 0 −4
8 −3 −30
7 −72
−51
2
7 −9
2
−49
2
1 −1 −3
1 −3
2
−3
2




−2 0 8 60 51 49 6 3
0 −14 0 42 49 63 14 21
8 0 −2 0 6 14 6 18
60 42 0 −6 3 21 18 87
51 49 6 3 −2 0 8 60
49 63 14 21 0 −14 0 42
6 14 6 18 8 0 −2 0
3 21 18 87 60 42 0 −6


.
N = 90 d = 219 = 3 · 73, η = 0, h = 0: 〈3〉 ⊕ 〈−73〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
6 −1 −6
28 −5 −23
49 −9 −36
219 −41 −146
5 −1 −2
73 −15 0




−1 0 3 6 23 36 146 2 0
0 −73 0 73 365 657 2993 73 1095
3 0 −6 0 15 39 219 9 219
6 73 0 −1 1 9 73 5 219
23 365 15 1 −2 3 73 9 657
36 657 39 9 3 −6 0 6 876
146 2993 219 73 73 0 −146 0 3066
2 73 9 5 9 6 0 −2 0
0 1095 219 219 657 876 3066 0 −438


.
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N = 91 d = 231 = 3 · 7 · 11, η = 1, h = 1: 〈14〉 ⊕ 〈−22〉 ⊕ 〈−3〉(1/2, 1/2, 0)

0 0 1
0 1 0
3 0 −7
3
2
−1
2
−3
99
2
−45
2
−88
35
2
−17
2
−30
60 −30 −101
132 −67 −220
81 −42 −133
9
2
−5
2
−7
33
2
−21
2
−22
1
2
−1
2
0




−3 0 21 9 264 90 303 660 399 21 66 0
0 −22 0 11 495 187 660 1474 924 55 231 11
21 0 −21 0 231 105 399 924 609 42 231 21
9 11 0 −1 0 4 21 55 42 4 33 5
264 495 231 0 −66 0 66 231 231 33 429 99
90 187 105 4 0 −2 0 11 21 5 99 29
303 660 399 21 66 0 −3 0 21 9 264 90
660 1474 924 55 231 11 0 −22 0 11 495 187
399 924 609 42 231 21 21 0 −21 0 231 105
21 55 42 4 33 5 9 11 0 −1 0 4
66 231 231 33 429 99 264 495 231 0 −66 0
0 11 21 5 99 29 90 187 105 4 0 −2


.
N = 92 d = 231 = 3 · 7 · 11, η = 7, h = 0: 〈6〉 ⊕ 〈−14〉 ⊕ 〈−11〉(1/2, 1/2, 0)

0 0 1
0 1 0
4 0 −3
77
2
−11
2
−28
3
2
−1
2 −1
1
2
−1
2
0




−11 0 33 308 11 0
0 −14 0 77 7 7
33 0 −3 0 3 12
308 77 0 −154 0 77
11 7 3 0 −1 1
0 7 12 77 1 −2

.
N = 93 d = 255 = 3 · 5 · 17, η = 0, h = 1: 〈3〉 ⊕ 〈−17〉 ⊕ 〈−5〉

0 0 1
0 1 0
1 0 −1
7 −2 −4
34 −11 −17
8 −3 −3
25 −10 −6
170 −69 −34
49 −20 −9
78 −32 −13
221 −91 −34
7 −3 0




−5 0 5 20 85 15 30 170 45 65 170 0
0 −17 0 34 187 51 170 1173 340 544 1547 51
5 0 −2 1 17 9 45 340 102 169 493 21
20 34 1 −1 0 6 65 544 169 290 867 45
85 187 17 0 −34 0 170 1547 493 867 2635 153
15 51 9 6 0 −6 0 51 21 45 153 15
30 170 45 65 170 0 −5 0 5 20 85 15
170 1173 340 544 1547 51 0 −17 0 34 187 51
45 340 102 169 493 21 5 0 −2 1 17 9
65 544 169 290 867 45 20 34 1 −1 0 6
170 1547 493 867 2635 153 85 187 17 0 −34 0
0 51 21 45 153 15 15 51 9 6 0 −6


.
N = 94 d = 255 = 3 · 5 · 17, η = 6, h = 0: 〈3〉 ⊕ 〈−85〉 ⊕ 〈−1〉

0 0 1
0 1 0
1 0 −3
6 −1 −5
85 −15 −51
5 −1 0




−1 0 3 5 51 0
0 −85 0 85 1275 85
3 0 −6 3 102 15
5 85 3 −2 0 5
51 1275 102 0 −51 0
0 85 15 5 0 −10

.
N = 95 d = 273 = 3 · 7 · 13, η = 0, h = 1: 〈14〉 ⊕ 〈−13〉 ⊕ 〈−6〉(1/2, 0, 1/2)

93 −84 −70
2 −2 −1
13 −14 0
0 0 1
0 1 0
3
2
0 −7
2
5
2
−2 −5
2
793
2
−350 −637
2
189
2
−84 −149
2
234 −209 −182




−42 0 1638 420 1092 483 21 273 21 0
0 −2 0 6 26 21 3 91 15 26
1638 0 −182 0 182 273 91 8463 1911 4550
420 6 0 −6 0 21 15 1911 447 1092
1092 26 182 0 −13 0 26 4550 1092 2717
483 21 273 21 0 −42 0 1638 420 1092
21 3 91 15 26 0 −2 0 6 26
273 91 8463 1911 4550 1638 0 −182 0 182
21 15 1911 447 1092 420 6 0 −6 0
0 26 4550 1092 2717 1092 26 182 0 −13


.
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N = 96 d = 273 = 3 · 7 · 13, η = 6, h = 1: 〈26〉 ⊕ 〈−7〉 ⊕ 〈−6〉(1/2, 0, 1/2)( 147
2
261
2
35
2
23
2
1
2
0 0 6 7 34 17 273
2
−64 −117 −17 −13 −1 0 1 0 −4 −26 −14 −117
−273
2
−481
2
−63
2
−39
2
−1
2
1 0 −13 −14 −65 −32 −509
2
)


−7 0 28 182 98 819 448 819 119 91 7 0
0 −78 0 234 156 1443 819 1599 273 273 39 78
28 0 −14 0 14 189 119 273 63 91 21 84
182 234 0 −26 0 117 91 273 91 195 65 390
98 156 14 0 −2 3 7 39 21 65 27 192
819 1443 189 117 3 −6 0 78 84 390 192 1527
448 819 119 91 7 0 −7 0 28 182 98 819
819 1599 273 273 39 78 0 −78 0 234 156 1443
119 273 63 91 21 84 28 0 −14 0 14 189
91 273 91 195 65 390 182 234 0 −26 0 117
7 39 21 65 27 192 98 156 14 0 −2 3
0 78 84 390 192 1527 819 1443 189 117 3 −6


.
N = 97 d = 285 = 3 · 5 · 19, η = 3, h = 1: 〈10〉 ⊕ 〈−38〉 ⊕ 〈−3〉(1/2, 1/2, 0)

0 0 1
0 1 0
1 0 −2
57 −12 −95
19
2
−5
2
−15
13 −4 −19
266 −85 −380
18 −6 −25
57 −20 −76
8 −3 −10
114 −45 −133
11
2
−5
2
−5
2 −1 −1
19 −10 0




−3 0 6 285 45 57 1140 75 228 30 399 15 3 0
0 −38 0 456 95 152 3230 228 760 114 1710 95 38 380
6 0 −2 0 5 16 380 30 114 20 342 25 14 190
285 456 0 −57 0 171 4560 399 1710 342 6555 570 399 6270
45 95 5 0 −10 0 95 15 95 25 570 60 50 855
57 152 16 171 0 −1 0 3 38 14 399 50 51 950
1140 3230 380 4560 95 0 −190 0 380 190 6270 855 950 18240
75 228 30 399 15 3 0 −3 0 6 285 45 57 1140
228 760 114 1710 95 38 380 0 −38 0 456 95 152 3230
30 114 20 342 25 14 190 6 0 −2 0 5 16 380
399 1710 342 6555 570 399 6270 285 456 0 −57 0 171 4560
15 95 25 570 60 50 855 45 95 5 0 −10 0 95
3 38 14 399 50 51 950 57 152 16 171 0 −1 0
0 380 190 6270 855 950 18240 1140 3230 380 4560 95 0 −190


.
N = 98 d = 285 = 3 · 5 · 19, η = 5, h = 0: 〈1〉 ⊕ 〈−95〉 ⊕ 〈−3〉

0 0 1
0 1 0
1 0 −1
285 −24 −95
11 −1 −3
30 −3 −5
19 −2 0




−3 0 3 285 9 15 0
0 −95 0 2280 95 285 190
3 0 −2 0 2 15 19
285 2280 0 −570 0 285 855
9 95 2 0 −1 0 19
15 285 15 285 0 −30 0
0 190 19 855 19 0 −19


.
N = 99 d = 291 = 3 · 97, η = 0, h = 1: 〈3〉 ⊕ 〈−97〉 ⊕ 〈−1〉(
0 0 1 97 13 25 2134 80 73 18 582 53 485 29 23 1358 40 17
0 1 0 −14 −2 −4 −345 −13 −12 −3 −98 −9 −83 −5 −4 −237 −7 −3
1 0 −3 −97 −11 −18 −1455 −53 −45 −10 −291 −24 −194 −10 −6 −291 −7 0
)
(
A B
B A
)
where
(
A
B
)
=


−1 0 3 97 11 18 1455 53 45
0 −97 0 1358 194 388 33465 1261 1164
3 0 −6 0 6 21 2037 81 84
97 1358 0 −194 0 97 11349 485 582
11 194 6 0 −2 1 291 15 24
18 388 21 97 1 −1 0 2 9
1455 33465 2037 11349 291 0 −582 0 291
53 1261 81 485 15 2 0 −2 3
45 1164 84 582 24 9 291 3 −6
10 291 24 194 10 6 291 7 0
291 9506 873 8051 485 388 22989 679 291
24 873 87 873 57 51 3201 99 51
194 8051 873 9603 679 679 45105 1455 873
10 485 57 679 51 55 3783 125 81
6 388 51 679 55 65 4656 158 111
291 22989 3201 45105 3783 4656 339306 11640 8439
7 679 99 1455 125 158 11640 402 297
0 291 51 873 81 111 8439 297 231


.
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N = 100 d = 330 = 2 · 3 · 5 · 11, η = 3, h = 0: 〈6〉 ⊕ 〈−110〉 ⊕ 〈−2〉(1/2, 1/2, 0)

0 0 1
0 1 0
1 0 −2
154 −18 −231
55
2
−7
2 −40
33
2
−5
2
−22
5 −1 −5
11
2
−3
2
0




−2 0 4 462 80 44 10 0
0 −110 0 1980 385 275 110 165
4 0 −2 0 5 11 10 33
462 1980 0 −66 0 132 330 2112
80 385 5 0 −10 0 40 330
44 275 11 132 0 −22 0 132
10 110 10 330 40 0 −10 0
0 165 33 2112 330 132 0 −66


.
N = 101 d = 345 = 3 · 5 · 23, η = 6, h = 0: 〈1〉 ⊕ 〈−23〉 ⊕ 〈−15〉

0 0 1
0 1 0
3 0 −1
6 −1 −1
207 −39 −23
25 −5 −2
23 −5 0




−15 0 15 15 345 30 0
0 −23 0 23 897 115 115
15 0 −6 3 276 45 69
15 23 3 −2 0 5 23
345 897 276 0 −69 0 276
30 115 45 5 0 −10 0
0 115 69 23 276 0 −46


.
N = 102 d = 357 = 3 · 7 · 17, η = 3, h = 1: 〈17〉 ⊕ 〈−7〉 ⊕ 〈−3〉(
13 55 7 0 0 7 3 105 1 13 7 6 42 367 117 3465
−20 −85 −11 0 1 0 −1 −51 −1 −17 −10 −9 −64 −561 −179 −5304
−5 −17 0 1 0 −17 −7 −238 −2 −17 −7 −4 −21 −170 −53 −1547
)
(
A B
B A
)
where
(
A
B
)
=


−2 0 7 15 140 1292 418 12495
0 −17 0 51 595 5678 1853 55692
7 0 −14 0 77 833 280 8568
15 51 0 −3 0 51 21 714
140 595 77 0 −7 0 7 357
1292 5678 833 51 0 −34 0 357
418 1853 280 21 7 0 −1 0
12495 55692 8568 714 357 357 0 −714
51 238 42 6 7 17 2 0
238 1173 238 51 119 680 187 4998
42 238 63 21 70 476 140 3927
6 51 21 12 63 510 159 4641
7 119 70 63 448 3927 1253 37128
17 680 476 510 3927 35003 11220 333438
2 187 140 159 1253 11220 3601 107100
0 4998 3927 4641 37128 333438 107100 3186939


.
N = 103 d = 357 = 3 · 7 · 17, η = 5, h = 1: 〈1〉 ⊕ 〈−119〉 ⊕ 〈−3〉

0 0 1
0 1 0
1 0 −1
561 −42 −187
145 −11 −47
2975 −227 −952
156 −12 −49
1547 −120 −476
12 −1 −3
102 −9 −17
11 −1 −1
119 −11 0




−3 0 3 561 141 2856 147 1428 9 51 3 0
0 −119 0 4998 1309 27013 1428 14280 119 1071 119 1309
3 0 −2 0 4 119 9 119 3 51 8 119
561 4998 0 −102 0 357 51 1071 51 2703 612 11781
141 1309 4 0 −1 0 3 119 8 612 145 2856
2856 27013 119 357 0 −238 0 1309 119 11781 2856 56882
147 1428 9 51 3 0 −3 0 3 561 141 2856
1428 14280 119 1071 119 1309 0 −119 0 4998 1309 27013
9 119 3 51 8 119 3 0 −2 0 4 119
51 1071 51 2703 612 11781 561 4998 0 −102 0 357
3 119 8 612 145 2856 141 1309 4 0 −1 0
0 1309 119 11781 2856 56882 2856 27013 119 357 0 −238


.
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N = 104 d = 385 = 5 · 7 · 11, η = 6, h = 1: 〈5〉 ⊕ 〈−11〉 ⊕ 〈−7〉

0 0 1
0 1 0
1 0 −1
77 −28 −55
37 −15 −25
49 −21 −32
88 −40 −55
14 −7 −8
22 −12 −11
5 −3 −2
77 −49 −22
23 −15 −5
21 −14 −3
22 −15 0




−7 0 7 385 175 224 385 56 77 14 154 35 21 0
0 −11 0 308 165 231 440 77 132 33 539 165 154 165
7 0 −2 0 10 21 55 14 33 11 231 80 84 110
385 308 0 −154 0 77 385 154 539 231 6083 2310 2618 3850
175 165 10 0 −5 0 55 35 165 80 2310 905 1050 1595
224 231 21 77 0 −14 0 21 154 84 2618 1050 1239 1925
385 440 55 385 55 0 −55 0 165 110 3850 1595 1925 3080
56 77 14 154 35 21 0 −7 0 7 385 175 224 385
77 132 33 539 165 154 165 0 −11 0 308 165 231 440
14 33 11 231 80 84 110 7 0 −2 0 10 21 55
154 539 231 6083 2310 2618 3850 385 308 0 −154 0 77 385
35 165 80 2310 905 1050 1595 175 165 10 0 −5 0 55
21 154 84 2618 1050 1239 1925 224 231 21 77 0 −14 0
0 165 110 3850 1595 1925 3080 385 440 55 385 55 0 −55


.
N = 105 d = 390 = 2 · 3 · 5 · 13, η = 6, h = 1: 〈10〉 ⊕ 〈−26〉 ⊕ 〈−6〉(1/2, 1/2, 0)(
45 65
2
9
2
11
2
39
2
5
2
78 8 0 0 3 32 273 60 2652 659
2
−9 −15
2
−3
2
−5
2
−21
2
−3
2
−48 −5 0 1 0 −5 −48 −11 −498 −125
2
−55 −39 −5 −5 −13 −1 −13 0 1 0 −4 −40 −338 −74 −3263 −405
)
(
A B
B A
)
where
(
A
B
)
=


−6 0 24 240 2028 444 19578 2430
0 −26 0 130 1248 286 12948 1625
24 0 −6 0 78 24 1248 165
240 130 0 −10 0 10 780 115
2028 1248 78 0 −78 0 1092 195
444 286 24 10 0 −2 0 5
19578 12948 1248 780 1092 0 −78 0
2430 1625 165 115 195 5 0 −10
330 234 30 30 78 6 78 0
234 195 39 65 273 39 1248 130
30 39 15 45 273 51 2028 240
30 65 45 235 1755 365 15600 1910
78 273 273 1755 13767 2925 126672 15600
6 39 51 365 2925 627 27300 3370
78 1248 2028 15600 126672 27300 1192542 147420
0 130 240 1910 15600 3370 147420 18235


.
N = 106 d = 399 = 3 · 7 · 19, η = 4, h = 0: 〈14〉 ⊕ 〈−19〉 ⊕ 〈−6〉(1/2, 0, 1/2)

0 0 1
0 1 0
3
2
0 −7
2
3
2 −1
−3
2
5
2
−2 −3
2
57
2 −24
−19
2
7
2
−3 −1
2
57 −49 0




−6 0 21 9 9 57 3 0
0 −19 0 19 38 456 57 931
21 0 −42 0 21 399 63 1197
9 19 0 −1 1 57 12 266
9 38 21 1 −2 0 4 133
57 456 399 57 0 −114 0 399
3 57 63 12 4 0 −1 0
0 931 1197 266 133 399 0 −133


.
N = 107 d = 429 = 3 · 11 · 13, η = 3, h = 1: 〈1〉 ⊕ 〈−39〉 ⊕ 〈−11〉

0 0 1
0 1 0
3 0 −1
1287 −88 −351
41 −3 −11
1573 −121 −416
126 −10 −33
132 −11 −34
156 −14 −39
9 −1 −2
429 −55 −78
7 −1 −1
143 −22 −13
6 −1 0




−11 0 11 3861 121 4576 363 374 429 22 858 11 143 0
0 −39 0 3432 117 4719 390 429 546 39 2145 39 858 39
11 0 −2 0 2 143 15 22 39 5 429 10 286 18
3861 3432 0 −858 0 3003 429 858 2145 429 62205 1716 58344 4290
121 117 2 0 −1 0 3 11 39 10 1716 49 1716 129
4576 4719 143 3003 0 −286 0 143 858 286 58344 1716 61633 4719
363 390 15 429 3 0 −3 0 39 18 4290 129 4719 366
374 429 22 858 11 143 0 −11 0 11 3861 121 4576 363
429 546 39 2145 39 858 39 0 −39 0 3432 117 4719 390
22 39 5 429 10 286 18 11 0 −2 0 2 143 15
858 2145 429 62205 1716 58344 4290 3861 3432 0 −858 0 3003 429
11 39 10 1716 49 1716 129 121 117 2 0 −1 0 3
143 858 286 58344 1716 61633 4719 4576 4719 143 3003 0 −286 0
0 39 18 4290 129 4719 366 363 390 15 429 3 0 −3


.
HYPERBOLIC ROOT SYSTEMS 37
N = 108 d = 435 = 3 · 5 · 29, η = 0, h = 0: 〈3〉 ⊕ 〈−29〉 ⊕ 〈−5〉

0 0 1
0 1 0
1 0 −1
145 −30 −87
4 −1 −2
145 −40 −58
10 −3 −3
3 −1 0




−5 0 5 435 10 290 15 0
0 −29 0 870 29 1160 87 29
5 0 −2 0 2 145 15 9
435 870 0 −870 0 3045 435 435
10 29 2 0 −1 0 3 7
290 1160 145 3045 0 −145 0 145
15 87 15 435 3 0 −6 3
0 29 9 435 7 145 3 −2


.
N = 109 d = 435 = 3 · 5 · 29, η = 6, h = 1: 〈435〉 ⊕ 〈−1〉 ⊕ 〈−1〉(
8 24 11 3 1 2 84 8 125 3 5 1 0 0 1 119 13 223
−25 −87 −45 −14 −6 −15 −725 −71 −1131 −30 −58 −15 −1 1 0 −290 −34 −609
−165 −493 −225 −61 −20 −39 −1595 −151 −2349 −55 −87 −15 1 0 −21 −2465 −269 −4611
)
(
A B
B A
)
where
(
A
B
)
=


−10 0 30 25 30 150 11020 1150 19140
0 −58 0 29 58 348 27550 2900 48546
30 0 −15 0 15 120 10440 1110 18705
25 29 0 −2 1 21 2175 235 4002
30 58 15 1 −1 0 290 34 609
150 348 120 21 0 −6 0 6 174
11020 27550 10440 2175 290 0 −290 0 870
1150 2900 1110 235 34 6 0 −2 0
19140 48546 18705 4002 609 174 870 0 −87
615 1595 630 140 25 15 145 5 0
1595 4263 1740 406 87 87 1885 145 1914
630 1740 735 180 45 60 1740 150 2175
140 406 180 47 14 24 870 80 1218
25 87 45 14 6 15 725 71 1131
15 87 60 24 15 51 3045 309 5046
145 1885 1740 870 725 3045 206335 21315 352350
5 145 150 80 71 309 21315 2207 36540
0 1914 2175 1218 1131 5046 352350 36540 605607


.
N = 110 d = 455 = 5 · 7 · 13, η = 5, h = 1: 〈7〉 ⊕ 〈−26〉 ⊕ 〈−10〉(0, 1/2, 1/2)( 325 325 16 65 2 1 13 0 0 25 9 260 48 199 9087 1025
−67
2
−35 −2 −10 −1
2
−1
2
−7 0 1 0 −1
2
−45
2
−9
2
−39
2
−903 −205
2
−533
2
−266 −13 −52 −3
2
−1
2
0 1 0 −21 −15
2
−429
2
−79
2
−327
2
−7462 −1683
2
)
(
A B
B A
)
where
(
A
B
)
=


−26 0 13 585 117 507 23478 2665
0 −35 0 455 105 490 23205 2660
13 0 −2 0 3 21 1092 130
585 455 0 −65 0 65 4095 520
117 105 3 0 −1 0 91 15
507 490 21 65 0 −2 0 5
23478 23205 1092 4095 91 0 −91 0
2665 2660 130 520 15 5 0 −10
871 910 52 260 13 13 182 0
910 1015 70 455 35 70 2275 210
52 70 7 65 7 19 728 75
260 455 65 910 130 455 19565 2145
13 35 7 130 21 80 3549 395
13 70 19 455 80 322 14560 1635
182 2275 728 19565 3549 14560 662571 74620
0 210 75 2145 395 1635 74620 8415


.
38 V.V. NIKULIN
N = 111 d = 465 = 3 · 5 · 31, η = 5, h = 1: 〈5〉 ⊕ 〈−31〉 ⊕ 〈−3〉

0 0 1
0 1 0
3 0 −5
31 −8 −31
17 −5 −15
16 −5 −13
403 −130 −310
18 −6 −13
93 −32 −62
42 −15 −25
62 −23 −31
13 −5 −5
5 −2 −1
62 −25 0




−3 0 15 93 45 39 930 39 186 75 93 15 3 0
0 −31 0 248 155 155 4030 186 992 465 713 155 62 775
15 0 −30 0 30 45 1395 75 465 255 465 120 60 930
93 248 0 −62 0 31 1395 93 713 465 1023 310 186 3410
45 155 30 0 −5 0 155 15 155 120 310 105 70 1395
39 155 45 31 0 −2 0 3 62 60 186 70 51 1085
930 4030 1395 1395 155 0 −155 0 775 930 3410 1395 1085 24180
39 186 75 93 15 3 0 −3 0 15 93 45 39 930
186 992 465 713 155 62 775 0 −31 0 248 155 155 4030
75 465 255 465 120 60 930 15 0 −30 0 30 45 1395
93 713 465 1023 310 186 3410 93 248 0 −62 0 31 1395
15 155 120 310 105 70 1395 45 155 30 0 −5 0 155
3 62 60 186 70 51 1085 39 155 45 31 0 −2 0
0 775 930 3410 1395 1085 24180 930 4030 1395 1395 155 0 −155


.
N = 112 d = 483 = 3 · 7 · 23, η = 7, h = 1: 〈6〉 ⊕ 〈−46〉 ⊕ 〈−7〉(1/2, 1/2, 0)

7 −2 −4
46 −14 −23
21
2
−7
2
−4
23
2
−9
2
0
0 0 1
0 1 0
1 0 −1
5
2
−1
2
−2
391 −101 −253
511
2
−133
2
−164
2599
2
−681
2
−828
399 −105 −253
2185
2
−577
2
−690
283
2
−75
2
−89




−2 0 7 69 28 92 14 3 46 21 69 14 23 1
0 −23 0 276 161 644 115 46 2139 1288 6072 1771 4646 575
7 0 −14 0 28 161 35 21 1288 798 3864 1148 3059 385
69 276 0 −138 0 207 69 69 6072 3864 19182 5796 15663 2001
28 161 28 0 −7 0 7 14 1771 1148 5796 1771 4830 623
92 644 161 207 0 −46 0 23 4646 3059 15663 4830 13271 1725
14 115 35 69 7 0 −1 1 575 385 2001 623 1725 226
3 46 21 69 14 23 1 −2 0 7 69 28 92 14
46 2139 1288 6072 1771 4646 575 0 −23 0 276 161 644 115
21 1288 798 3864 1148 3059 385 7 0 −14 0 28 161 35
69 6072 3864 19182 5796 15663 2001 69 276 0 −138 0 207 69
14 1771 1148 5796 1771 4830 623 28 161 28 0 −7 0 7
23 4646 3059 15663 4830 13271 1725 92 644 161 207 0 −46 0
1 575 385 2001 623 1725 226 14 115 35 69 7 0 −1


.
N = 113 d = 570 = 2 · 3 · 5 · 19, η = 6, h = 1: 〈38〉 ⊕ 〈−10〉 ⊕ 〈−6〉(0, 1/2, 1/2)( 0 0 15 1 6 5 42 7 9 15 213 7 15 5 15 1
0 1 0 −1
2
−6 −6 −57 −10 −27
2
−47
2
−342 −23
2
−51
2
−9 −57
2
−2
1 0 −38 −5
2
−13 −10 −76 −12 −29
2
−45
2
−304 −19
2
−37
2
−5 −19
2
0
)


−6 0 228 15 78 60 456 72 87 135 1824 57 111 30 57 0
0 −10 0 5 60 60 570 100 135 235 3420 115 255 90 285 20
228 0 −114 0 456 570 6612 1254 1824 3420 52098 1824 4332 1710 6384 570
15 5 0 −2 3 10 171 36 57 115 1824 66 165 70 285 28
78 60 456 3 −6 0 228 60 111 255 4332 165 447 210 969 108
60 60 570 10 0 −10 0 10 30 90 1710 70 210 110 570 70
456 570 6612 171 228 0 −114 0 57 285 6384 285 969 570 3363 456
72 100 1254 36 60 10 0 −2 0 20 570 28 108 70 456 66
87 135 1824 57 111 30 57 0 −6 0 228 15 78 60 456 72
135 235 3420 115 255 90 285 20 0 −10 0 5 60 60 570 100
1824 3420 52098 1824 4332 1710 6384 570 228 0 −114 0 456 570 6612 1254
57 115 1824 66 165 70 285 28 15 5 0 −2 3 10 171 36
111 255 4332 165 447 210 969 108 78 60 456 3 −6 0 228 60
30 90 1710 70 210 110 570 70 60 60 570 10 0 −10 0 10
57 285 6384 285 969 570 3363 456 456 570 6612 171 228 0 −114 0
0 20 570 28 108 70 456 66 72 100 1254 36 60 10 0 −2


.
HYPERBOLIC ROOT SYSTEMS 39
N = 114 d = 615 = 3 · 5 · 41, η = 0, h = 1: 〈3〉 ⊕ 〈−41〉 ⊕ 〈−5〉(
0 0 1 16 82 9 410 25 20 164 27 80 246 15 410 11
0 1 0 −3 −17 −2 −95 −6 −5 −42 −7 −21 −65 −4 −110 −3
1 0 −1 −9 −41 −4 −164 −9 −6 −41 −6 −15 −41 −2 −41 0
)


−5 0 5 45 205 20 820 45 30 205 30 75 205 10 205 0
0 −41 0 123 697 82 3895 246 205 1722 287 861 2665 164 4510 123
5 0 −2 3 41 7 410 30 30 287 51 165 533 35 1025 33
45 123 3 −6 0 6 615 57 75 861 165 582 1968 138 4305 159
205 697 41 0 −82 0 1025 123 205 2665 533 1968 6806 492 15785 615
20 82 7 6 0 −1 0 3 10 164 35 138 492 37 1230 51
820 3895 410 615 1025 0 −205 0 205 4510 1025 4305 15785 1230 42230 1845
45 246 30 57 123 3 0 −6 0 123 33 159 615 51 1845 87
30 205 30 75 205 10 205 0 −5 0 5 45 205 20 820 45
205 1722 287 861 2665 164 4510 123 0 −41 0 123 697 82 3895 246
30 287 51 165 533 35 1025 33 5 0 −2 3 41 7 410 30
75 861 165 582 1968 138 4305 159 45 123 3 −6 0 6 615 57
205 2665 533 1968 6806 492 15785 615 205 697 41 0 −82 0 1025 123
10 164 35 138 492 37 1230 51 20 82 7 6 0 −1 0 3
205 4510 1025 4305 15785 1230 42230 1845 820 3895 410 615 1025 0 −205 0
0 123 33 159 615 51 1845 87 45 246 30 57 123 3 0 −6


.
N = 115 d = 645 = 3 · 5 · 43, η = 3, h = 1: 〈10〉 ⊕ 〈−86〉 ⊕ 〈−3〉(1/2, 1/2, 0)(
165
2
645
2
43
2
516 22 4 387
2
3
2
43
2
0 0 1 129 31
2
11 1419 36 1591
−33
2
−131
2
−9
2
−111 −5 −1 −105
2
−1
2
−15
2
0 1 0 −18 −5
2
−2 −270 −7 −315
−122 −473 −31 −731 −30 −5 −215 −1 0 1 0 −2 −215 −25 −17 −2150 −54 −2365
)
(
A B
B A
)
where
(
A
B
)
=


−3 0 6 645 75 51 6450 162 7095
0 −86 0 1548 215 172 23220 602 27090
6 0 −2 0 5 8 1290 36 1720
645 1548 0 −129 0 129 25800 774 39345
75 215 5 0 −10 0 645 25 1505
51 172 8 129 0 −1 0 2 215
6450 23220 1290 25800 645 0 −1290 0 7740
162 602 36 774 25 2 0 −2 0
7095 27090 1720 39345 1505 215 7740 0 −215
366 1419 93 2193 90 15 645 3 0
1419 5633 387 9546 430 86 4515 43 645
93 387 29 774 40 10 645 9 215
2193 9546 774 22317 1290 387 29670 516 16125
90 430 40 1290 85 30 2580 50 1720
15 86 10 387 30 13 1290 28 1075
645 4515 645 29670 2580 1290 139965 3225 130935
3 43 9 516 50 28 3225 77 3225
0 645 215 16125 1720 1075 130935 3225 138890


.
N = 116 d = 651 = 3 · 7 · 31, η = 4, h = 1: 〈14〉 ⊕ 〈−31〉 ⊕ 〈−6〉(1/2, 0, 1/2)(
129 992 13 3
2
31 0 0 3
2
31
2
21
2
899
2
67
2
183
2
25885
2
2511
2
5766 2091 1426
−78 −602 −8 −1 −21 0 1 0 −8 −6 −266 −20 −55 −7791 −756 −3473 −1260 −860
−86 −651 −8 −1
2
0 1 0 −7
2
−31
2
−17
2
−651
2
−47
2
−125
2
−17577
2
−1703
2
−3906 −1414 −961
)
(
A B
B A
)
where
(
A
B
)
=


−6 0 6 33 5208 516 2418 903 651
0 −434 0 217 38626 3906 18662 7161 5425
6 0 −2 1 434 48 248 105 93
33 217 1 −1 0 3 31 21 31
5208 38626 434 0 −217 0 651 651 1519
516 3906 48 3 0 −6 0 21 93
2418 18662 248 31 651 0 −31 0 248
903 7161 105 21 651 21 0 −42 0
651 5425 93 31 1519 93 248 0 −62
69 651 15 9 651 51 186 42 0
651 7161 217 217 21917 1953 8246 2604 1302
15 217 9 13 1519 141 620 210 124
9 217 13 29 3906 375 1705 609 403
651 21917 1519 3906 545104 52731 241521 87234 59024
51 1953 141 375 52731 5109 23436 8484 5766
186 8246 620 1705 241521 23436 107663 39060 26660
42 2604 210 609 87234 8484 39060 14217 9765
0 1302 124 403 59024 5766 26660 9765 6789


.
40 V.V. NIKULIN
N = 117 d = 795 = 3 · 5 · 53, η = 6, h = 1: 〈3〉 ⊕ 〈−106〉 ⊕ 〈−10〉(0, 1/2, 1/2)( 143 101 1060 4 265 3 53 0 0 5 7 49 1590 46 23585 747 31747 2200 5300 895
−29
2
−21
2
−225
2
−1
2
−75
2
−1
2
−9 0 1 0 −1
2
−9
2
−305
2
−9
2
−4695
2
−149
2
−3171 −220 −531 −90
−125
2
−87
2
−901
2
−3
2
−159
2
−1
2
0 1 0 −3 −7
2
−45
2
−1431
2
−41
2
−20829
2
−659
2
−13992 −969 −2332 −393
)
(
A B
B A
)
where
(
A
B
)
=


−2 3 265 10 6360 206 8904 625 1537 270
3 −6 0 3 3975 135 6042 435 1113 210
265 0 −265 0 37365 1325 61215 4505 11925 2385
10 3 0 −1 0 2 159 15 53 15
6360 3975 37365 0 −1590 0 6360 795 3975 1590
206 135 1325 2 0 −2 0 5 53 30
8904 6042 61215 159 6360 0 −159 0 954 795
625 435 4505 15 795 5 0 −10 0 30
1537 1113 11925 53 3975 53 954 0 −106 0
270 210 2385 15 1590 30 795 30 0 −15
47 42 530 5 795 19 636 35 53 0
42 51 795 12 3180 90 3498 225 477 60
530 795 14310 265 89040 2650 107325 7155 16165 2385
5 12 265 6 2385 73 3021 205 477 75
795 3180 89040 2385 1139235 35775 1510500 104145 248835 41340
19 90 2650 73 35775 1127 47700 3295 7897 1320
636 3498 107325 3021 1510500 47700 2022639 139920 336126 56445
35 225 7155 205 104145 3295 139920 9690 23320 3930
53 477 16165 477 248835 7897 336126 23320 56286 9540
0 60 2385 75 41340 1320 56445 3930 9540 1635


.
N = 118 d = 1155 = 3 · 5 · 7 · 11, η = 2, h = 0: 〈14〉 ⊕ 〈−22〉 ⊕ 〈−15〉(1/2, 1/2, 0)
 0 0 1 1652 92 552 392 252 132 120 1 0 −352 −32 −252 −212 −152 −84 −12
1 0 −1 −77 −4 −22 −14 −8 −77 0




−15 0 15 1155 60 330 210 120 1155 0
0 −22 0 385 33 275 231 165 1848 11
15 0 −1 0 3 55 63 55 693 7
1155 385 0 −385 0 1540 2310 2310 31185 385
60 33 3 0 −6 0 42 60 924 15
330 275 55 1540 0 −110 0 110 2310 55
210 231 63 2310 42 0 −42 0 462 21
120 165 55 2310 60 110 0 −10 0 5
1155 1848 693 31185 924 2310 462 0 −231 0
0 11 7 385 15 55 21 5 0 −2


.
N = 119 d = 1155 = 3 · 5 · 7 · 11, η = 8, h = 1: 〈1155〉 ⊕ 〈−1〉 ⊕ 〈−1〉(
0 0 1 4 2 17 43 5 61 1 1 6 7 2 11 23 2 16
−1 1 0 −33 −20 −189 −495 −60 −770 −14 −16 −105 −132 −40 −231 −495 −45 −385
1 0 −35 −132 −65 −546 −1375 −159 −1925 −31 −30 −175 −198 −55 −294 −605 −51 −385
)


−2 1 35 99 45 357 880 99 1155 17 14 70 66 15 63 110 6 0
1 −1 0 33 20 189 495 60 770 14 16 105 132 40 231 495 45 385
35 0 −70 0 35 525 1540 210 3080 70 105 805 1155 385 2415 5390 525 5005
99 33 0 −33 0 231 825 132 2310 66 132 1155 1848 660 4389 10065 1023 10395
45 20 35 0 −5 0 55 15 385 15 40 385 660 245 1680 3905 405 4235
357 189 525 231 0 −42 0 21 1155 63 231 2415 4389 1680 11802 27720 2919 31185
880 495 1540 825 55 0 −55 0 1540 110 495 5390 10065 3905 27720 65395 6930 74690
99 60 210 132 15 21 0 −6 0 6 45 525 1023 405 2919 6930 741 8085
1155 770 3080 2310 385 1155 1540 0 −770 0 385 5005 10395 4235 31185 74690 8085 89705
17 14 70 66 15 63 110 6 0 −2 1 35 99 45 357 880 99 1155
14 16 105 132 40 231 495 45 385 1 −1 0 33 20 189 495 60 770
70 105 805 1155 385 2415 5390 525 5005 35 0 −70 0 35 525 1540 210 3080
66 132 1155 1848 660 4389 10065 1023 10395 99 33 0 −33 0 231 825 132 2310
15 40 385 660 245 1680 3905 405 4235 45 20 35 0 −5 0 55 15 385
63 231 2415 4389 1680 11802 27720 2919 31185 357 189 525 231 0 −42 0 21 1155
110 495 5390 10065 3905 27720 65395 6930 74690 880 495 1540 825 55 0 −55 0 1540
6 45 525 1023 405 2919 6930 741 8085 99 60 210 132 15 21 0 −6 0
0 385 5005 10395 4235 31185 74690 8085 89705 1155 770 3080 2310 385 1155 1540 0 −770


.
HYPERBOLIC ROOT SYSTEMS 41
N = 120 d = 1155 = 3 · 5 · 7 · 11, η = 14, h = 0: 〈22〉 ⊕ 〈−15〉 ⊕ 〈−14〉(1/2, 0, 1/2)
 0 0 72 52 7 152 72 5252 52 90 1 0 −2 −7 −8 −4 −308 −3 −11
1 0 −112
−5
2 −5
−9
2
−3
2
−165
2
−1
2 0




−14 0 77 35 70 63 21 1155 7 0
0 −15 0 30 105 120 60 4620 45 165
77 0 −154 0 154 231 154 13860 154 693
35 30 0 −10 0 15 20 2310 30 165
70 105 154 0 −7 0 14 2310 35 231
63 120 231 15 0 −6 3 1155 21 165
21 60 154 20 14 3 −2 0 2 33
1155 4620 13860 2310 2310 1155 0 −2310 0 1155
7 45 154 30 35 21 2 0 −1 0
0 165 693 165 231 165 33 1155 0 −33


.
N = 121 d = 1365 = 3 · 5 · 7 · 13, η = 5, h = 1: 〈5〉 ⊕ 〈−39〉 ⊕ 〈−7〉(
90 49 33 3 13 0 0 1 182 9 28 132 63 1417 462 1287 142 4823
−25 −14 −10 −1 −5 0 1 0 −35 −2 −7 −35 −17 −385 −126 −352 −39 −1330
−48 −25 −15 −1 0 1 0 −1 −130 −6 −17 −75 −35 −780 −253 −702 −77 −2600
)
(
A B
B A
)
where
(
A
B
)
=


−3 0 60 39 975 336 975 114 4095
0 −14 0 14 455 175 546 70 2730
60 0 −30 0 195 105 390 60 2730
39 14 0 −1 0 7 39 8 455
975 455 195 0 −130 0 195 65 5005
336 175 105 7 0 −7 0 7 910
975 546 390 39 195 0 −39 0 1365
114 70 60 8 65 7 0 −2 0
4095 2730 2730 455 5005 910 1365 0 −455
84 63 75 15 195 42 78 3 0
63 63 105 28 455 119 273 21 455
75 105 255 90 1755 525 1365 135 4095
15 28 90 37 780 245 663 70 2275
195 455 1755 780 17030 5460 15015 1625 54145
42 119 525 245 5460 1771 4914 539 18200
78 273 1365 663 15015 4914 13728 1521 51870
3 21 135 70 1625 539 1521 171 5915
0 455 4095 2275 54145 18200 51870 5915 207480


.
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N = 122 d = 1365 = 3 · 5 · 7 · 13, η = 15, h = 1: 〈6〉 ⊕ 〈−65〉 ⊕ 〈−14〉(1/2, 0, 1/2)( 223
2
5005
2
37 140 13 0 0 1
2
91 15
2
49
2
31 1820 58 1715
2
1209
2
−33 −742 −11 −42 −4 0 1 0 −21 −2 −7 −9 −532 −17 −252 −178
−33
2
−715
2
−5 −15 0 1 0 −1
2
−39 −5
2
−11
2
−6 −325 −10 −285
2
−195
2
1995
2
8645 1709
2
25844 515 308
−294 −2549 −252 −7623 −152 −91
−317
2
−1365 −269
2
−4056 −80 −47
)
(
A B
B A
)
where
(
A
B
)
=


−3 0 3 105 117 231 2145 219 6825 150 105
0 −910 0 1365 2275 5005 48230 5005 158340 3640 2730
3 0 −1 0 26 70 715 76 2457 60 49
105 1365 0 −210 0 210 2730 315 10920 315 315
117 2275 26 0 −26 0 260 39 1638 65 91
231 5005 70 210 0 −14 0 7 546 35 77
2145 48230 715 2730 260 0 −65 0 1365 130 455
219 5005 76 315 39 7 0 −2 0 5 35
6825 158340 2457 10920 1638 546 1365 0 −273 0 819
150 3640 60 315 65 35 130 5 0 −10 0
105 2730 49 315 91 77 455 35 819 0 −7
48 1365 27 210 78 84 585 51 1365 15 0
1365 42315 910 8190 3640 4550 34580 3185 90090 1365 455
27 910 21 210 104 140 1105 104 3003 50 21
210 8190 210 2415 1365 1995 16380 1575 46410 840 420
78 3640 104 1365 871 1365 11570 1131 33852 650 364
84 4550 140 1995 1365 2219 19110 1883 56784 1120 658
585 34580 1105 16380 11570 19110 165685 16380 495495 9880 5915
51 3185 104 1575 1131 1883 16380 1622 49140 985 595
1365 90090 3003 46410 33852 56784 495495 49140 1490853 30030 18291
15 1365 50 840 650 1120 9880 985 30030 615 385
0 455 21 420 364 658 5915 595 18291 385 252


.
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Table 2.
The list of odd hyperbolic lattices of rank three
and with even square-free determinant (i.e. non-main)
which are reflective of elliptic or parabolic type.
N ′ = 1 d = 2, odd, η = 0, h = 0: 〈1〉 ⊕ 〈−1〉 ⊕ 〈−2〉. It is equivariantly equivalent
to d = 1, η = 0, h = 0: U ⊕ 〈−1〉.
N ′ = 2 d = 6 = 2 · 3, odd, η = 0, h = 0: 〈1〉 ⊕ 〈−1〉 ⊕ 〈−6〉. It is equivariantly
equivalent to d = 3, η = 1, h = 0: U ⊕ 〈−3〉.
N ′ = 3 d = 6 = 2 · 3, odd, η = 1, h = 0: 〈6〉 ⊕ 〈−1〉 ⊕ 〈−1〉 (= ˜(3, 0, h = 0))

0 −1 1
0 1 0
1 0 −3
1 −2 −2




−2 1 3 0
1 −1 0 2
3 0 −3 0
0 2 0 −2

.
N ′ = 4 d = 10 = 2 · 5, odd, η = 0, h = 1: 〈2〉 ⊕ 〈−5〉 ⊕ 〈−1〉 (= ˜(5, 1, h = 0))

0 0 1
0 1 0
1 0 −2
2 −1 −2
10 −6 −5
3 −2 0




−1 0 2 2 5 0
0 −5 0 5 30 10
2 0 −2 0 10 6
2 5 0 −1 0 2
5 30 10 0 −5 0
0 10 6 2 0 −2

.
N ′ = 5 d = 10 = 2 · 5, odd, η = 1, h = 0: 〈1〉 ⊕ 〈−1〉 ⊕ 〈−10〉. It is equivariantly
equivalent to d = 5, η = 0, h = 0: U ⊕ 〈−5〉.
N ′ = 6 d = 14 = 2 · 7, odd, η = 0, h = 1: 〈14〉 ⊕ 〈−1〉 ⊕ 〈−1〉 (= ˜(7, 0, h = 1))

0 −1 1
0 1 0
1 0 −4
2 −3 −7
4 −9 −12
3 −8 −8




−2 1 4 4 3 0
1 −1 0 3 9 8
4 0 −2 0 8 10
4 3 0 −2 1 4
3 9 8 1 −1 0
0 8 10 4 0 −2

.
N ′ = 7 d = 14 = 2 · 7, odd, η = 1, h = 0: 〈1〉 ⊕ 〈−1〉 ⊕ 〈−14〉. It is equivariantly
equivalent to d = 7, η = 1, h = 0: U ⊕ 〈−7〉.
N ′ = 8 d = 22 = 2 · 11, odd, η = 0, h = 1: 〈1〉 ⊕ 〈−1〉 ⊕ 〈−22〉. It is equivariantly
equivalent to d = 11, η = 1, h = 1: U ⊕ 〈−11〉.
N ′ = 9 d = 22 = 2 · 11, odd, η = 1, h = 1: 〈22〉 ⊕ 〈−1〉 ⊕ 〈−1〉 (= ˜(11, 0, h = 0))

0 −1 1
0 1 0
7 0 −33
3 −2 −14
2 −3 −9
2 −5 −8
15 −44 −55
3 −10 −10




−2 1 33 12 6 3 11 0
1 −1 0 2 3 5 44 10
33 0 −11 0 11 44 495 132
12 2 0 −2 0 10 132 38
6 3 11 0 −2 1 33 12
3 5 44 10 1 −1 0 2
11 44 495 132 33 0 −11 0
0 10 132 38 12 2 0 −2


.
N ′ = 10 d = 26 = 2 · 13, odd, η = 1, h = 1: 〈1〉⊕ 〈−1〉⊕ 〈−26〉. It is equivariantly
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equivalent to d = 13, η = 0, h = 1: U ⊕ 〈−13〉.
N ′ = 11 d = 30 = 2 · 3 · 5, odd, η = 0, h = 0: 〈30〉 ⊕ 〈−1〉 ⊕ 〈−1〉 (= ˜(15, 3, h = 0))

0 −1 1
0 1 0
1 0 −6
2 −5 −10
1 −4 −4




−2 1 6 5 0
1 −1 0 5 4
6 0 −6 0 6
5 5 0 −5 0
0 4 6 0 −2

.
N ′ = 12 d = 30 = 2 ·3 ·5, odd, η = 1, h = 0: 〈1〉⊕〈−1〉⊕〈−30〉. It is equivariantly
equivalent to d = 15, η = 2, h = 0: U ⊕ 〈−15〉.
N ′ = 13 d = 30 = 2 · 3 · 5, odd, η = 2, h = 0: 〈10〉 ⊕ 〈−6〉 ⊕ 〈−2〉(1/2, 1/2, 0). It is
equivariantly equivalent to d = 15, η = 1, h = 0: 〈5〉 ⊕ 〈−3〉 ⊕ 〈−1〉.
N ′ = 14 d = 30 = 2 · 3 · 5, odd, η = 3, h = 0: 〈6〉 ⊕ 〈−10〉 ⊕ 〈−2〉(1/2, 1/2, 0)
(= ˜(15, 0, h = 0))

0 0 1
0 1 0
1 0 −2
10 −4 −15
5
2
−3
2 −3
1
2
−1
2 0




−2 0 4 30 6 0
0 −10 0 40 15 5
4 0 −2 0 3 3
30 40 0 −10 0 10
6 15 3 0 −3 0
0 5 3 10 0 −1

.
N ′ = 15 d = 34 = 2 · 17, odd, η = 0, h = 0: 〈1〉⊕ 〈−1〉⊕ 〈−34〉. It is equivariantly
equivalent to d = 17, η = 0, h = 0: U ⊕ 〈−17〉.
N ′ = 16 d = 42 = 2 ·3 ·7, odd, η = 0, h = 1: 〈1〉⊕〈−1〉⊕〈−42〉. It is equivariantly
equivalent to d = 21, η = 1, h = 1: U ⊕ 〈−21〉.
N ′ = 17 d = 42 = 2 · 3 · 7, odd, η = 1, h = 1: 〈7〉 ⊕ 〈−3〉 ⊕ 〈−2〉 (= ˜(21, 0, h = 0))

0 0 1
0 1 0
1 0 −2
12 −7 −21
2 −2 −3
3 −4 −3
2 −3 −1
9 −14 0




−2 0 4 42 6 6 2 0
0 −3 0 21 6 12 9 42
4 0 −1 0 2 9 10 63
42 21 0 −21 0 42 63 462
6 6 2 0 −2 0 4 42
6 12 9 42 0 −3 0 21
2 9 10 63 4 0 −1 0
0 42 63 462 42 21 0 −21


.
N ′ = 18 d = 42 = 2 · 3 · 7, odd, η = 2, h = 0: 〈2〉 ⊕ 〈−14〉 ⊕ 〈−6〉(0, 1/2, 1/2)
(= ˜(21, 3, h = 0))

0 0 1
0 1 0
3 0 −2
7 −32
−7
2
3 −1 −1
4 −32
−1
2
21 −8 0




−6 0 12 21 6 3 0
0 −14 0 21 14 21 112
12 0 −6 0 6 18 126
21 21 0 −7 0 14 126
6 14 6 0 −2 0 14
3 21 18 14 0 −1 0
0 112 126 126 14 0 −14


.
N ′ = 19 d = 42 = 2 · 3 · 7, odd, η = 3, h = 0: 〈6〉 ⊕ 〈−14〉 ⊕ 〈−2〉(1/2, 0, 1/2). It is
equivariantly equivalent to d = 21, η = 2, h = 0: 〈3〉 ⊕ 〈−7〉 ⊕ 〈−1〉.
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N ′ = 20 d = 66 = 2 · 3 · 11, odd, η = 0, h = 1: 〈2〉 ⊕ 〈−22〉 ⊕ 〈−6〉(1/2, 1/2, 0)
(= ˜(33, 3, h = 1))

0 0 1
0 1 0
3 0 −2
66 −10 −33
17
2
−3
2 −4
30 −6 −13
55 −12 −22
12 −3 −4
44 −12 −11
3
2
−1
2 0




−6 0 12 198 24 78 132 24 66 0
0 −22 0 220 33 132 264 66 264 11
12 0 −6 0 3 24 66 24 132 9
198 220 0 −22 0 66 264 132 990 88
24 33 3 0 −1 0 11 9 88 9
78 132 24 66 0 −6 0 12 198 24
132 264 66 264 11 0 −22 0 220 33
24 66 24 132 9 12 0 −6 0 3
66 264 132 990 88 198 220 0 −22 0
0 11 9 88 9 24 33 3 0 −1


.
N ′ = 21 d = 66 = 2·3·11, odd, η = 1, h = 1: 〈1〉⊕〈−1〉⊕〈−66〉. It is equivariantly
equivalent to d = 33, η = 2, h = 1: U ⊕ 〈−33〉.
N ′ = 22 d = 66 = 2 · 3 · 11, odd, η = 2, h = 0: 〈22〉 ⊕ 〈−6〉 ⊕ 〈−2〉(1/2, 0, 1/2). It
is equivariantly equivalent to d = 33, η = 1, h = 0: 〈11〉 ⊕ 〈−3〉 ⊕ 〈−1〉.
N ′ = 23 d = 70 = 2 · 5 · 7, odd, η = 1, h = 1: 〈14〉 ⊕ 〈−10〉 ⊕ 〈−2〉(1/2, 1/2, 0)
(= ˜(35, 0, h = 0))

50 −11 −130
7 −2 −18
10 −4 −25
1
2
−1
2
−1
5
2
−7
2
0
0 0 1
0 1 0
3 0 −8
40 −6 −105
39
2
−7
2
−51
1395
2
−273
2
−1820
130 −26 −339




−10 0 60 35 1365 260 110 20 40 5 35 0
0 −2 0 3 175 36 20 6 20 5 105 16
60 0 −10 0 210 50 40 20 110 40 1190 210
35 3 0 −1 0 2 5 5 40 17 560 102
1365 175 210 0 −35 0 35 105 1190 560 19635 3640
260 36 50 2 0 −2 0 16 210 102 3640 678
110 20 40 5 35 0 −10 0 60 35 1365 260
20 6 20 5 105 16 0 −2 0 3 175 36
40 20 110 40 1190 210 60 0 −10 0 210 50
5 5 40 17 560 102 35 3 0 −1 0 2
35 105 1190 560 19635 3640 1365 175 210 0 −35 0
0 16 210 102 3640 678 260 36 50 2 0 −2


.
N ′ = 24 d = 70 = 2 · 5 · 7, odd, η = 2, h = 1: 〈70〉⊕ 〈−1〉⊕ 〈−1〉 (= ˜(35, 3, h = 0))

0 −1 1
0 1 0
5 0 −42
6 −5 −50
11 −14 −91
9 −14 −74
6 −11 −49
2 −5 −16
9 −28 −70
4 −15 −30
3 −14 −21
1 −6 −6




−2 1 42 45 77 60 38 11 42 15 7 0
1 −1 0 5 14 14 11 5 28 15 14 6
42 0 −14 0 28 42 42 28 210 140 168 98
45 5 0 −5 0 10 15 15 140 105 140 90
77 14 28 0 −7 0 7 14 168 140 203 140
60 14 42 10 0 −2 0 6 98 90 140 102
38 11 42 15 7 0 −2 1 42 45 77 60
11 5 28 15 14 6 1 −1 0 5 14 14
42 28 210 140 168 98 42 0 −14 0 28 42
15 15 140 105 140 90 45 5 0 −5 0 10
7 14 168 140 203 140 77 14 28 0 −7 0
0 6 98 90 140 102 60 14 42 10 0 −2


.
N ′ = 25 d = 70 = 2 · 5 · 7, odd, η = 3, h = 1: 〈2〉 ⊕ 〈−14〉 ⊕ 〈−10〉(1/2, 1/2, 0). It
is equivariantly equivalent to d = 35, η = 2, h = 1: 〈1〉 ⊕ 〈−7〉 ⊕ 〈−5〉.
N ′ = 26 d = 78 = 2·3·13, odd, η = 1, h = 1: 〈6〉⊕〈−13〉⊕〈−1〉. It is equivariantly
equivalent to d = 39, η = 2, h = 1: 〈3〉 ⊕ 〈−26〉 ⊕ 〈−2〉(0, 1/2, 1/2).
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N ′ = 27 d = 78 = 2 · 3 · 13, odd, η = 3, h = 0: 〈6〉 ⊕ 〈−26〉 ⊕ 〈−2〉(0, 1/2, 1/2)
(= ˜(39, 0, h = 0))

0 0 1
0 1 0
1 0 −2
4 −1 −6
39 −12 −52
4 −32
−9
2
1 −1
2
−1
2




−2 0 4 12 104 9 1
0 −26 0 26 312 39 13
4 0 −2 0 26 6 4
12 26 0 −2 0 3 5
104 312 26 0 −26 0 26
9 39 6 3 0 −3 0
1 13 4 5 26 0 −1


.
N ′ = 28 d = 102 = 2 · 3 · 17, odd, η = 0, h = 1: 〈34〉 ⊕ 〈−6〉 ⊕ 〈−2〉(1/2, 1/2, 0). It
is equivariantly equivalent to d = 51, η = 1, h = 1: 〈17〉 ⊕ 〈−3〉 ⊕ 〈−1〉.
N ′ = 29 d = 114 = 2 · 3 · 19, η = 1, h = 1: 〈6〉 ⊕ 〈−38〉 ⊕ 〈−2〉(1/2, 0, 1/2). It is
equivariantly equivalent to d = 57, η = 2, h = 1: 〈3〉 ⊕ 〈−19〉 ⊕ 〈−1〉.
N ′ = 30 d = 138 = 2 · 3 · 23, odd, η = 2, h = 1: 〈2〉 ⊕ 〈−46〉 ⊕ 〈−6〉(0, 1/2, 1/2)
(= ˜(69, 3, h = 0))( 72 276 69 115 5 138 12 115 0 0 3 23 7 1104 126 1541
−12 −47 −12 −41
2
−1 −57
2
−5
2
−24 0 1 0 −5
2
−1 −357
2
−41
2
−252
−25 −92 −22 −69
2
−1 −23
2
−1
2
0 1 0 −2 −23
2
−3 −805
2
−91
2
−552
)


−6 0 12 69 18 2415 273 3312 150 552 132 207 6 69 3 0
0 −46 0 115 46 8211 943 11592 552 2162 552 943 46 1311 115 1104
12 0 −6 0 6 1794 210 2622 132 552 150 276 18 690 66 690
69 115 0 −23 0 2484 299 3818 207 943 276 552 46 2277 230 2530
18 46 6 0 −2 0 2 46 6 46 18 46 6 414 44 506
2415 8211 1794 2484 0 −69 0 276 69 1311 690 2277 414 42918 4761 56856
273 943 210 299 2 0 −1 0 3 115 66 230 44 4761 530 6348
3312 11592 2622 3818 46 276 0 −46 0 1104 690 2530 506 56856 6348 76222
150 552 132 207 6 69 3 0 −6 0 12 69 18 2415 273 3312
552 2162 552 943 46 1311 115 1104 0 −46 0 115 46 8211 943 11592
132 552 150 276 18 690 66 690 12 0 −6 0 6 1794 210 2622
207 943 276 552 46 2277 230 2530 69 115 0 −23 0 2484 299 3818
6 46 18 46 6 414 44 506 18 46 6 0 −2 0 2 46
69 1311 690 2277 414 42918 4761 56856 2415 8211 1794 2484 0 −69 0 276
3 115 66 230 44 4761 530 6348 273 943 210 299 2 0 −1 0
0 1104 690 2530 506 56856 6348 76222 3312 11592 2622 3818 46 276 0 −46


.
N ′ = 31 d = 210 = 2·3·5·7, odd, η = 0, h = 0: 〈7〉⊕〈−5〉⊕〈−6〉 (= ˜(105, 3, h = 0))

0 0 1
0 1 0
6 0 −7
2 −1 −2
40 −28 −35
3 −3 −2
5 −7 0




−6 0 42 12 210 12 0
0 −5 0 5 140 15 35
42 0 −42 0 210 42 210
12 5 0 −1 0 3 35
210 140 210 0 −70 0 420
12 15 42 3 0 −6 0
0 35 210 35 420 0 −70


.
N ′ = 32 d = 210 = 2 · 3 · 5 · 7, odd, η = 1, h = 1: 〈14〉 ⊕ 〈−30〉 ⊕ 〈−2〉(1/2, 0, 1/2).
It is equivariantly equivalent to d = 105, η = 2, h = 1: 〈7〉 ⊕ 〈−15〉 ⊕ 〈−1〉.
N ′ = 33 d = 210 = 2 · 3 · 5 · 7, odd, η = 2, h = 0: 〈2〉 ⊕ 〈−42〉 ⊕ 〈−10〉(0, 1/2, 1/2).
It is equivariantly equivalent to d = 105 = 3 ·5 ·7, η = 1, h = 0: 〈1〉⊕〈−21〉⊕〈−5〉.
N ′ = 34 d = 210 = 2 · 3 · 5 · 7, odd, η = 4, h = 0: 〈5〉 ⊕ 〈−7〉 ⊕ 〈−6〉. It is
equivariantly equivalent to d = 105, η = 7, h = 0: 〈10〉⊕ 〈−14〉⊕ 〈−3〉(1/2, 1/2, 0).
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N ′ = 35 d = 210 = 2.3.5.7, odd, η = 6, h = 1: 〈10〉 ⊕ 〈−14〉 ⊕ 〈−6〉(0, 1/2, 1/2) r
(= ˜(105, 5, h = 0))( 0 0 3 2 13 35 81 105 24 28 21 4 7 7 9 7
0 1 0 −1
2
−5 −31
2
−75
2
−50 −12 −15 −12 −5
2
−5 −11
2
−15
2
−6
1 0 −4 −5
2
−15 −77
2
−175
2
−112 −25 −28 −20 −7
2
−5 −7
2
−5
2
0
)


−6 0 24 15 90 231 525 672 150 168 120 21 30 21 15 0
0 −14 0 7 70 217 525 700 168 210 168 35 70 77 105 84
24 0 −6 0 30 126 330 462 120 168 150 36 90 126 210 210
15 7 0 −1 0 14 45 70 21 35 36 10 30 49 90 98
90 70 30 0 −10 0 30 70 30 70 90 30 110 210 420 490
231 217 126 14 0 −7 0 28 21 77 126 49 210 448 945 1148
525 525 330 45 30 0 −15 0 15 105 210 90 420 945 2040 2520
672 700 462 70 70 28 0 −14 0 84 210 98 490 1148 2520 3150
150 168 120 21 30 21 15 0 −6 0 24 15 90 231 525 672
168 210 168 35 70 77 105 84 0 −14 0 7 70 217 525 700
120 168 150 36 90 126 210 210 24 0 −6 0 30 126 330 462
21 35 36 10 30 49 90 98 15 7 0 −1 0 14 45 70
30 70 90 30 110 210 420 490 90 70 30 0 −10 0 30 70
21 77 126 49 210 448 945 1148 231 217 126 14 0 −7 0 28
15 105 210 90 420 945 2040 2520 525 525 330 45 30 0 −15 0
0 84 210 98 490 1148 2520 3150 672 700 462 70 70 28 0 −14


.
N ′ = 36 d = 330 = 2 · 3 · 5 · 11, odd, η = 3, h = 1: 〈6〉⊕ 〈−10〉⊕ 〈−22〉(1/2, 1/2, 0).
It is equivariantly equivalent to d = 165, η = 4, h = 1: 〈3〉 ⊕ 〈−5〉 ⊕ 〈−11〉.
N ′ = 37 d = 390 = 2 · 3 · 5 · 13, odd, η = 4, h = 1: 〈30〉⊕ 〈−26〉⊕ 〈−2〉(0, 1/2, 1/2)
(= ˜(195, 3, h = 0))( 0 0 1 26 1 13 3 13 2 26 21 364 9 65 7 13
0 1 0 −15
2
−1
2
−9 −5
2
−12 −2 −27 −22 −765
2
−19
2
−69 −15
2
−14
1 0 −4 −195
2
−7
2
−39 −15
2
−26 −3 −26 −18 −585
2
−13
2
−39 −5
2
0
)


−2 0 8 195 7 78 15 52 6 52 36 585 13 78 5 0
0 −26 0 195 13 234 65 312 52 702 572 9945 247 1794 195 364
8 0 −2 0 2 78 30 182 36 572 486 8580 218 1638 190 390
195 195 0 −195 0 780 390 2730 585 9945 8580 152295 3900 29640 3510 7410
7 13 2 0 −1 0 5 52 13 247 218 3900 101 780 95 208
78 234 78 780 0 −78 0 234 78 1794 1638 29640 780 6162 780 1794
15 65 30 390 5 0 −5 0 5 195 190 3510 95 780 105 260
52 312 182 2730 52 234 0 −26 0 364 390 7410 208 1794 260 702
6 52 36 585 13 78 5 0 −2 0 8 195 7 78 15 52
52 702 572 9945 247 1794 195 364 0 −26 0 195 13 234 65 312
36 572 486 8580 218 1638 190 390 8 0 −2 0 2 78 30 182
585 9945 8580 152295 3900 29640 3510 7410 195 195 0 −195 0 780 390 2730
13 247 218 3900 101 780 95 208 7 13 2 0 −1 0 5 52
78 1794 1638 29640 780 6162 780 1794 78 234 78 780 0 −78 0 234
5 195 190 3510 95 780 105 260 15 65 30 390 5 0 −5 0
0 364 390 7410 208 1794 260 702 52 312 182 2730 52 234 0 −26


.
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N ′ = 38 d = 570 = 2 · 3 · 5 · 19, odd, η = 2, h = 1: 〈2〉⊕ 〈−190〉⊕ 〈−6〉(0, 1/2, 1/2)
(= ˜(285, 5, h = 0))( 158 2850 11 15 19 0 0 3 38 48 855
−27
2
−489
2
−1 −3
2
−2 0 1 0 −2 −3 −56
−101
2
−1805
2
−3 −5
2
0 1 0 −2 −19 −22 −380
22 570 13 165 893 288 2280 285 874 600 8265
−3
2
−81
2
−1 −27
2
−74 −24 −191 −24 −74 −51 −704
−19
2
−475
2
−5 −115
2
−304 −97 −760 −94 −285 −194 −2660
)
(
A B
B A
)
where
(
A
B
)
=


−1 0 2 135 874 303 2565 342 1121 807 11400
0 −285 0 2280 15390 5415 46455 6270 20805 15105 214320
2 0 −2 0 38 18 190 30 114 90 1330
135 2280 0 −15 0 15 285 60 285 255 3990
874 15390 38 0 −38 0 380 114 684 684 11210
303 5415 18 15 0 −6 0 12 114 132 2280
2565 46455 190 285 380 0 −190 0 380 570 10640
342 6270 30 60 114 12 0 −6 0 24 570
1121 20805 114 285 684 114 380 0 −38 0 380
807 15105 90 255 684 132 570 24 0 −6 0
11400 214320 1330 3990 11210 2280 10640 570 380 0 −190
226 4275 28 90 266 57 285 18 19 3 0
4275 81510 570 1995 6270 1425 7695 570 855 285 2280
28 570 6 30 114 30 190 18 38 18 190
90 1995 30 240 1140 345 2565 300 855 555 7410
266 6270 114 1140 5814 1824 14060 1710 5092 3420 46550
57 1425 30 345 1824 582 4560 564 1710 1164 15960
285 7695 190 2565 14060 4560 36290 4560 14060 9690 133760
18 570 18 300 1710 564 4560 582 1824 1272 17670
19 855 38 855 5092 1710 14060 1824 5814 4104 57380
3 285 18 555 3420 1164 9690 1272 4104 2922 41040
0 2280 190 7410 46550 15960 133760 17670 57380 41040 577790


.
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Table 3
The list of main hyperbolic lattices of the rank 3
with square-free determinant d ≤ 100000 and h ≤ 1
n = 1, d = 1, η = 0, h = 0 U ⊕ 〈−1〉 er
n = 2, d = 2, η = 0, h = 0 U ⊕ 〈−2〉 er
n = 3, d = 3, η = 0, h = 0 〈3〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 4, d = 3, η = 1, h = 0 U ⊕ 〈−3〉 er
n = 5, d = 5, η = 0, h = 0 U ⊕ 〈−5〉 er
n = 6, d = 5, η = 1, h = 0 〈1〉 ⊕ 〈−10〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 7, d = 6 = 2 · 3, η = 0, h = 0 U ⊕ 〈−6〉 er
n = 8, d = 7, η = 0, h = 1 〈7〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 9, d = 7, η = 1, h = 0 U ⊕ 〈−7〉 er
n = 10, d = 10 = 2 · 5, η = 1, h = 0 U ⊕ 〈−10〉 er
n = 11, d = 11, η = 0, h = 0 〈11〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 12, d = 11, η = 1, h = 1 U ⊕ 〈−11〉 er
n = 13, d = 13, η = 0, h = 1 U ⊕ 〈−13〉 er
n = 14, d = 13, η = 1, h = 1 〈26〉 ⊕ 〈−2〉 ⊕ 〈−1〉(1/2, 1/2, 0) er
n = 15, d = 14 = 2 · 7, η = 1, h = 0 U ⊕ 〈−14〉 er
n = 16, d = 15 = 3 · 5, η = 0, h = 0 〈3〉 ⊕ 〈−5〉 ⊕ 〈−1〉 er
n = 17, d = 15 = 3 · 5, η = 1, h = 0 〈5〉 ⊕ 〈−3〉 ⊕ 〈−1〉 er
n = 18, d = 15 = 3 · 5, η = 2, h = 0 U ⊕ 〈−15〉 er
n = 19, d = 15 = 3 · 5, η = 3, h = 0 〈15〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 20, d = 17, η = 0, h = 0 U ⊕ 〈−17〉 er
n = 21, d = 19, η = 0, h = 1 〈19〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 22, d = 21 = 3 · 7, η = 0, h = 0 〈14〉 ⊕ 〈−6〉 ⊕ 〈−1〉(1/2, 1/2, 0) er
n = 23, d = 21 = 3 · 7, η = 1, h = 1 U ⊕ 〈−21〉 er
n = 24, d = 21 = 3 · 7, η = 2, h = 0 〈3〉 ⊕ 〈−7〉 ⊕ 〈−1〉 er
n = 25, d = 21 = 3 · 7, η = 3, h = 0 〈1〉 ⊕ 〈−7〉 ⊕ 〈−3〉 er
n = 26, d = 22 = 2 · 11, η = 0, h = 1 U ⊕ 〈−22〉 er
n = 27, d = 23, η = 0, h = 1 〈23〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 28, d = 26 = 2 · 13, η = 1, h = 0 U ⊕ 〈−26〉 er
n = 29, d = 29, η = 0, h = 1 U ⊕ 〈−29〉 nr
n = 30, d = 29, η = 1, h = 1 〈1〉 ⊕ 〈−58〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 31, d = 30 = 2 · 3 · 5, η = 1, h = 1 U ⊕ 〈−30〉 er
n = 32, d = 30 = 2 · 3 · 5 · η = 2, h = 0 〈10〉 ⊕ 〈−6〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 33, d = 33 = 3 · 11, η = 0, h = 1 〈3〉 ⊕ 〈−22〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 34, d = 33 = 3 · 11, η = 1, h = 0 〈11〉 ⊕ 〈−3〉 ⊕ 〈−1〉 er
n = 35, d = 33 = 3 · 11, η = 2, h = 1 U ⊕ 〈−33〉 er
n = 36, d = 33 = 3 · 11, η = 3, h = 1 〈1〉 ⊕ 〈−11〉 ⊕ 〈−3〉 er
n = 37, d = 34 = 2 · 17, η = 0, h = 1 U ⊕ 〈−34〉 er
n = 38, d = 35 = 5 · 7, η = 0, h = 0 〈7〉 ⊕ 〈−5〉 ⊕ 〈−1〉 er
n = 39, d = 35 = 5 · 7, η = 2, h = 1 〈1〉 ⊕ 〈−7〉 ⊕ 〈−5〉 er
n = 40, d = 35 = 5 · 7, η = 3, h = 0 〈35〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 41, d = 38 = 2 · 19, η = 0, h = 1 U ⊕ 〈−38〉 er
n = 42, d = 39 = 3 · 13, η = 0, h = 0 〈3〉 ⊕ 〈−13〉 ⊕ 〈−1〉 er
n = 43, d = 39 = 3 · 13, η = 2, h = 1 〈3〉 ⊕ 〈−26〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 44, d = 39 = 3 · 13, η = 3, h = 1 〈2〉 ⊕ 〈−26〉 ⊕ 〈−3〉(1/2, 1/2, 0) er
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n = 45, d = 41, η = 0, h = 1 U ⊕ 〈−41〉 nr
n = 46, d = 42 = 2 · 3 · 7, η = 0, h = 0 U ⊕ 〈−42〉 er
n = 47, d = 42 = 2 · 3 · 7, η = 3, h = 1 〈6〉 ⊕ 〈−14〉 ⊕ 〈−2〉(1/2, 1/2, 0) er
n = 48, d = 51 = 3 · 17, η = 0, h = 0 〈3〉 ⊕ 〈−17〉 ⊕ 〈−1〉 er
n = 49, d = 51 = 3 · 17, η = 1, h = 1 〈17〉 ⊕ 〈−3〉 ⊕ 〈−1〉 er
n = 50, d = 51 = 3 · 17, η = 3, h = 1 〈51〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 51, d = 55 = 5 · 11, η = 0, h = 1 〈11〉 ⊕ 〈−5〉 ⊕ 〈−1〉 er
n = 52, d = 55 = 5 · 11, η = 3, h = 1 〈2〉 ⊕ 〈−11〉 ⊕ 〈−10〉(1/2, 0, 1/2) er
n = 53, d = 57 = 3 · 19, η = 0, h = 1 〈1〉 ⊕ 〈−38〉 ⊕ 〈−6〉(0, 1/2, 1/2) er
n = 54, d = 57 = 3 · 19, η = 1, h = 1 U ⊕ 〈−57〉 nr
n = 55, d = 57 = 3 · 19, η = 2, h = 1 〈3〉 ⊕ 〈−19〉 ⊕ 〈−1〉 er
n = 56, d = 65 = 5 · 13, η = 0, h = 0 〈1〉 ⊕ 〈−13〉 ⊕ 〈−5〉 hr
n = 57, d = 65 = 5 · 13, η = 2, h = 1 〈5〉 ⊕ 〈−26〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 58, d = 65 = 5 · 13, η = 3, h = 1 U ⊕ 〈−65〉 nr
n = 59, d = 66 = 2 · 3 · 11, η = 1, h = 1 U ⊕ 〈−66〉 er
n = 60, d = 66 = 2 · 3 · 11, η = 2, h = 1 〈22〉 ⊕ 〈−6〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 61, d = 69 = 3 · 23, η = 3, h = 0 〈1〉 ⊕ 〈−23〉 ⊕ 〈−3〉 er
n = 62, d = 70 = 2 · 5 · 7, η = 3, h = 1 〈2〉 ⊕ 〈−14〉 ⊕ 〈−10〉(0, 1/2, 1/2) er
n = 63, d = 71, η = 0, h = 1 〈71〉 ⊕ 〈−1〉 ⊕ 〈−1〉 nr
n = 64, d = 74 = 2 · 37, η = 1, h = 0 U ⊕ 〈−74〉 hr
n = 65, d = 77 = 7 · 11, η = 1, h = 0 U ⊕ 〈−77〉 nr
n = 66, d = 77 = 7 · 11, η = 3, h = 0 〈1〉 ⊕ 〈−11〉 ⊕ 〈−7〉 er
n = 67, d = 78 = 2 · 3 · 13, η = 2, h = 0 U ⊕ 〈−78〉 er
n = 68, d = 85 = 5 · 17, η = 0, h = 1 〈1〉 ⊕ 〈−17〉 ⊕ 〈−5〉 nr
n = 69, d = 85 = 5 · 17, η = 1, h = 1 〈1〉 ⊕ 〈−34〉 ⊕ 〈−10〉(0, 1/2, 1/2) er
n = 70, d = 86 = 2 · 43, η = 0, h = 1 U ⊕ 〈−86〉 nr
n = 71, d = 87 = 3 · 29, η = 3, h = 1 〈2〉 ⊕ 〈−58〉 ⊕ 〈−3〉(1/2, 1/2, 0) er
n = 72, d = 91 = 7 · 13, η = 3, h = 1 〈1〉 ⊕ 〈−26〉 ⊕ 〈−14〉(0, 1/2, 1/2) er
n = 73, d = 93 = 3 · 31, η = 0, h = 1 〈31〉 ⊕ 〈−6〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 74, d = 95 = 5 · 19, η = 0, h = 0 〈19〉 ⊕ 〈−5〉 ⊕ 〈−1〉 hr
n = 75, d = 95 = 5 · 19, η = 3, h = 1 〈2〉 ⊕ 〈−19〉 ⊕ 〈−10〉(1/2, 0, 1/2) er
n = 76, d = 102 = 2 · 3 · 17, η = 0, h = 1 〈2〉 ⊕ 〈−34〉 ⊕ 〈−6〉(0, 1/2, 1/2) er
n = 77, d = 105 = 3 · 5 · 7, η = 0, h = 1 〈2〉 ⊕ 〈−42〉 ⊕ 〈−5〉(1/2, 1/2, 0) er
n = 78, d = 105 = 3 · 5 · 7, η = 1, h = 0 〈1〉 ⊕ 〈−21〉 ⊕ 〈−5〉 er
n = 79, d = 105 = 3 · 5 · 7, η = 2, h = 1 〈7〉 ⊕ 〈−15〉 ⊕ 〈−1〉 er
n = 80, d = 105 = 3 · 5 · 7, η = 3, h = 0 〈14〉 ⊕ 〈−10〉 ⊕ 〈−3〉(1/2, 1/2, 0) er
n = 81, d = 105 = 3 · 5 · 7, η = 4, h = 1 U ⊕ 〈−105〉 nr
n = 82, d = 105 = 3 · 5 · 7, η = 5, h = 0 〈5〉 ⊕ 〈−7〉 ⊕ 〈−3〉 er
n = 83, d = 105 = 3 · 5 · 7, η = 6, h = 0 〈1〉 ⊕ 〈−15〉 ⊕ 〈−7〉 er
n = 84, d = 105 = 3 · 5 · 7, η = 7, h = 0 〈10〉 ⊕ 〈−14〉 ⊕ 〈−3〉(1/2, 1/2, 0) er
n = 85, d = 110 = 2 · 5 · 11, η = 1, h = 1 U ⊕ 〈−110〉 er
n = 86, d = 111 = 3 · 37, η = 0, h = 1 〈3〉 ⊕ 〈−37〉 ⊕ 〈−1〉 er
n = 87, d = 114 = 2 · 3 · 19, η = 2, h = 0 U ⊕ 〈−114〉 hr
n = 88, d = 119 = 7 · 17, η = 3, h = 1 〈119〉 ⊕ 〈−1〉 ⊕ 〈−1〉 nr
n = 89, d = 130 = 2 · 5 · 13, η = 0, h = 1 U ⊕ 〈−130〉 nr
n = 90, d = 130 = 2 · 5 · 13, η = 3, h = 1 〈10〉 ⊕ 〈−26〉 ⊕ 〈−2〉(1/2, 1/2, 0) er
n = 91, d = 134 = 2 · 67, η = 0, h = 1 U ⊕ 〈−134〉 nr
n = 92, d = 141 = 3 · 47, η = 3, h = 1 〈1〉 ⊕ 〈−47〉 ⊕ 〈−3〉 er
n = 93, d = 143 = 11 · 13, η = 0, h = 1 〈11〉 ⊕ 〈−13〉 ⊕ 〈−1〉 nr
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n = 94, d = 146 = 2 · 73, η = 0, h = 1 U ⊕ 〈−146〉 nr
n = 95, d = 154 = 2 · 7 · 11, η = 3, h = 1 U ⊕ 〈−154〉 nr
n = 96, d = 155 = 5 · 31, η = 3, h = 1 〈2〉 ⊕ 〈−31〉 ⊕ 〈−10〉(1/2, 0, 1/2) er
n = 97, d = 161 = 7 · 23, η = 1, h = 1 U ⊕ 〈−161〉 nr
n = 98, d = 161 = 7 · 23, η = 3, h = 1 〈1〉 ⊕ 〈−23〉 ⊕ 〈−7〉 nr
n = 99, d = 165 = 3 · 5 · 11, η = 0, h = 0 〈5〉 ⊕ 〈−6〉 ⊕ 〈−22〉(0, 1/2, 1/2) er
n = 100, d = 165 = 3 · 5 · 11, η = 1, h = 1 〈11〉 ⊕ 〈−5〉 ⊕ 〈−3〉 nr
n = 101, d = 165 = 3 · 5 · 11, η = 3, h = 1 〈15〉 ⊕ 〈−22〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 102, d = 165 = 3 · 5 · 11, η = 4, h = 1 〈3〉 ⊕ 〈−5〉 ⊕ 〈−11〉 er
n = 103, d = 165 = 3 · 5 · 11, η = 5, h = 1 〈1〉 ⊕ 〈−55〉 ⊕ 〈−3〉 er
n = 104, d = 165 = 3 · 5 · 11, η = 6, h = 0 〈1〉 ⊕ 〈−15〉 ⊕ 〈−11〉 er
n = 105, d = 170 = 2 · 5 · 17, η = 1, h = 1 〈2〉 ⊕ 〈−10〉 ⊕ 〈−34〉(1/2, 1/2, 0) er
n = 106, d = 170 = 2 · 5 · 17, η = 2, h = 0 U ⊕ 〈−170〉 nr
n = 107, d = 182 = 2 · 7 · 13, η = 3, h = 1 〈2〉 ⊕ 〈−26〉 ⊕ 〈−14〉(0, 1/2, 1/2) nr
n = 108, d = 186 = 2 · 3 · 31, η = 0, h = 0 U ⊕ 〈−186〉 nr
n = 109, d = 194 = 2 · 97, η = 0, h = 1 U ⊕ 〈−194〉 nr
n = 110, d = 195 = 3 · 5 · 13, η = 3, h = 0 〈15〉 ⊕ 〈−13〉 ⊕ 〈−1〉 er
n = 111, d = 195 = 3 · 5 · 13, η = 5, h = 1 〈6〉 ⊕ 〈−26〉 ⊕ 〈−5〉(1/2, 1/2, 0) er
n = 112, d = 195 = 3 · 5 · 13, η = 6, h = 0 〈3〉 ⊕ 〈−65〉 ⊕ 〈−1〉 er
n = 113, d = 203 = 7 · 29, η = 3, h = 1 〈2〉 ⊕ 〈−58〉 ⊕ 〈−7〉(1/2, 1/2, 0) nr
n = 114, d = 205 = 5 · 41, η = 1, h = 1 〈2〉 ⊕ 〈−41〉 ⊕ 〈−10〉(1/2, 0, 1/2) er
n = 115, d = 210 = 2 · 3 · 5 · 7, η = 2, h = 0 〈2〉 ⊕ 〈−10〉 ⊕ 〈−42〉(1/2, 1/2, 0) er
n = 116, d = 210 = 2 · 3 · 5 · 7, η = 4, h = 1 〈30〉 ⊕ 〈−14〉 ⊕ 〈−2〉(0, 1/2, 1/2) er
n = 117, d = 215 = 5 · 43, η = 0, h = 1 〈43〉 ⊕ 〈−5〉 ⊕ 〈−1〉 nr
n = 118, d = 219 = 3 · 73, η = 0, h = 0 〈3〉 ⊕ 〈−73〉 ⊕ 〈−1〉 er
n = 119, d = 231 = 3 · 7 · 11, η = 1, h = 1 〈14〉 ⊕ 〈−22〉 ⊕ 〈−3〉(1/2, 1/2, 0) er
n = 120, d = 231 = 3 · 7 · 11, η = 2, h = 0 〈3〉 ⊕ 〈−22〉 ⊕ 〈−14〉(0, 1/2, 1/2) hr
n = 121, d = 231 = 3 · 7 · 11, η = 7, h = 0 〈6〉 ⊕ 〈−14〉 ⊕ 〈−11〉(1/2, 1/2, 0) er
n = 122, d = 246 = 2 · 3 · 41, η = 0, h = 1 〈2〉 ⊕ 〈−82〉 ⊕ 〈−6〉(0, 1/2, 1/2) nr
n = 123, d = 255 = 3 · 5 · 17, η = 0, h = 1 〈3〉 ⊕ 〈−17〉 ⊕ 〈−5〉 er
n = 124, d = 255 = 3 · 5 · 17, η = 5, h = 1 〈51〉 ⊕ 〈−5〉 ⊕ 〈−1〉 nr
n = 125, d = 255 = 3 · 5 · 17, η = 6, h = 0 〈3〉 ⊕ 〈−85〉 ⊕ 〈−1〉 er
n = 126, d = 259 = 7 · 37, η = 3, h = 1 〈2〉 ⊕ 〈−74〉 ⊕ 〈−7〉(1/2, 1/2, 0) nr
n = 127, d = 266 = 2 · 7 · 19, η = 0, h = 1 U ⊕ 〈−266〉 nr
n = 128, d = 266 = 2 · 7 · 19, η = 3, h = 1 〈38〉 ⊕ 〈−14〉 ⊕ 〈−2〉(0, 1/2, 1/2) nr
n = 129, d = 273 = 3 · 7 · 13, η = 0, h = 1 〈14〉 ⊕ 〈−13〉 ⊕ 〈−6〉(1/2, 0, 1/2) er
n = 130, d = 273 = 3 · 7 · 13, η = 6, h = 1 〈26〉 ⊕ 〈−7〉 ⊕ 〈−6〉(1/2, 0, 1/2) er
n = 131, d = 285 = 3 · 5 · 19, η = 1, h = 1 〈19〉 ⊕ 〈−5〉 ⊕ 〈−3〉 nr
n = 132, d = 285 = 3 · 5 · 19, η = 3, h = 1 〈10〉 ⊕ 〈−38〉 ⊕ 〈−3〉(1/2, 1/2, 0) er
n = 133, d = 285 = 3 · 5 · 19, η = 5, h = 0 〈1〉 ⊕ 〈−95〉 ⊕ 〈−3〉 er
n = 134, d = 285 = 3 · 5 · 19, η = 6, h = 1 〈57〉 ⊕ 〈−10〉 ⊕ 〈−2〉(0, 1/2, 1/2) nr
n = 135, d = 291 = 3 · 97, η = 0, h = 1 〈3〉 ⊕ 〈−97〉 ⊕ 〈−1〉 er
n = 136, d = 299 = 13 · 23, η = 3, h = 1 〈2〉 ⊕ 〈−26〉 ⊕ 〈−23〉(1/2, 1/2, 0) nr
n = 137, d = 326 = 2 · 163, η = 0, h = 1 U ⊕ 〈−326〉 nr
n = 138, d = 330 = 2 · 3 · 5 · 11, η = 0, h = 1 U ⊕ 〈−330〉 nr
n = 139, d = 330 = 2 · 3 · 5 · 11, η = 3, h = 0 〈6〉 ⊕ 〈−110〉 ⊕ 〈−2〉(1/2, 1/2, 0) er
n = 140, d = 335 = 5 · 67, η = 0, h = 1 〈67〉 ⊕ 〈−5〉 ⊕ 〈−1〉 nr
n = 141, d = 345 = 3 · 5 · 23, η = 6, h = 0 〈1〉 ⊕ 〈−23〉 ⊕ 〈−15〉 er
n = 142, d = 354 = 2 · 3 · 59, η = 2, h = 1 〈118〉 ⊕ 〈−6〉 ⊕ 〈−2〉(0, 1/2, 1/2) nr
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n = 143, d = 357 = 3 · 7 · 17, η = 0, h = 1 〈14〉 ⊕ 〈−17〉 ⊕ 〈−6〉(1/2, 0, 1/2) nr
n = 144, d = 357 = 3 · 7 · 17, η = 3, h = 1 〈17〉 ⊕ 〈−7〉 ⊕ 〈−3〉 er
n = 145, d = 357 = 3 · 7 · 17, η = 5, h = 1 〈1〉 ⊕ 〈−119〉 ⊕ 〈−3〉 er
n = 146, d = 371 = 7 · 53, η = 3, h = 1 〈2〉 ⊕ 〈−106〉 ⊕ 〈−7〉(1/2, 1/2, 0) nr
n = 147, d = 385 = 5 · 7 · 11, η = 3, h = 1 〈11〉 ⊕ 〈−14〉 ⊕ 〈−10〉(0, 1/2, 1/2) nr
n = 148, d = 385 = 5 · 7 · 11, η = 6, h = 1 〈5〉 ⊕ 〈−11〉 ⊕ 〈−7〉 er
n = 149, d = 386 = 2 · 193, η = 0, h = 1 U ⊕ 〈−386〉 nr
n = 150, d = 390 = 2 · 3 · 5 · 13, η = 6, h = 1 〈10〉 ⊕ 〈−26〉 ⊕ 〈−6〉(1/2, 1/2, 0) er
n = 151, d = 399 = 3 · 7 · 19, η = 2, h = 1 〈3〉 ⊕ 〈−38〉 ⊕ 〈−14〉(0, 1/2, 1/2) nr
n = 152, d = 399 = 3 · 7 · 19, η = 4, h = 0 〈14〉 ⊕ 〈−19〉 ⊕ 〈−6〉(1/2, 0, 1/2) er
n = 153, d = 407 = 11 · 37, η = 0, h = 1 〈11〉 ⊕ 〈−37〉 ⊕ 〈−1〉 nr
n = 154, d = 429 = 3 · 11 · 13, η = 3, h = 1 〈1〉 ⊕ 〈−39〉 ⊕ 〈−11〉 er
n = 155, d = 435 = 3 · 5 · 29, η = 0, h = 0 〈3〉 ⊕ 〈−29〉 ⊕ 〈−5〉 er
n = 156, d = 435 = 3 · 5 · 29, η = 6, h = 1 〈435〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 157, d = 455 = 5 · 7 · 13, η = 0, h = 1 〈7〉 ⊕ 〈−13〉 ⊕ 〈−5〉 nr
n = 158, d = 455 = 5 · 7 · 13, η = 5, h = 1 〈7〉 ⊕ 〈−26〉 ⊕ 〈−10〉(0, 1/2, 1/2) er
n = 159, d = 465 = 3 · 5 · 31, η = 5, h = 1 〈5〉 ⊕ 〈−31〉 ⊕ 〈−3〉 er
n = 160, d = 483 = 3 · 7 · 23, η = 7, h = 1 〈6〉 ⊕ 〈−46〉 ⊕ 〈−7〉(1/2, 1/2, 0) er
n = 161, d = 506 = 2 · 11 · 23, η = 0, h = 1 U ⊕ 〈−506〉 nr
n = 162, d = 530 = 2 · 5 · 53, η = 0, h = 1 U ⊕ 〈−530〉 nr
n = 163, d = 534 = 2 · 3 · 89, η = 0, h = 1 〈2〉 ⊕ 〈−178〉 ⊕ 〈−6〉(0, 1/2, 1/2) nr
n = 164, d = 546 = 2 · 3 · 7 · 13, η = 2, h = 0 U ⊕ 〈−546〉 nr
n = 165, d = 546 = 2 · 3 · 7 · 13, η = 4, h = 0 〈14〉 ⊕ 〈−26〉 ⊕ 〈−6〉(1/2, 0, 1/2) nr
n = 166, d = 561 = 3 · 11 · 17, η = 2, h = 1 〈3〉 ⊕ 〈−11〉 ⊕ 〈−17〉 nr
n = 167, d = 570 = 2 · 3 · 5 · 19, η = 6, h = 1 〈38〉 ⊕ 〈−10〉 ⊕ 〈−6〉(0, 1/2, 1/2) er
n = 168, d = 602 = 2 · 7 · 43, η = 3, h = 1 U ⊕ 〈−602〉 nr
n = 169, d = 615 = 3 · 5 · 41, η = 0, h = 1 〈3〉 ⊕ 〈−41〉 ⊕ 〈−5〉 er
n = 170, d = 645 = 3 · 5 · 43, η = 3, h = 1 〈10〉 ⊕ 〈−86〉 ⊕ 〈−3〉(1/2, 1/2, 0) er
n = 171, d = 645 = 3 · 5 · 43, η = 6, h = 1 〈10〉 ⊕ 〈−6〉 ⊕ 〈−43〉(1/2, 1/2, 0) nr
n = 172, d = 651 = 3 · 7 · 31, η = 2, h = 1 〈62〉 ⊕ 〈−7〉 ⊕ 〈−6〉(1/2, 0, 1/2) nr
n = 173, d = 651 = 3 · 7 · 31, η = 4, h = 1 〈14〉 ⊕ 〈−31〉 ⊕ 〈−6〉(1/2, 0, 1/2) er
n = 174, d = 714 = 2 · 3 · 7 · 17, η = 0, h = 1 〈14〉 ⊕ 〈−34〉 ⊕ 〈−6〉(1/2, 0, 1/2) nr
n = 175, d = 714 = 2 · 3 · 7 · 17, η = 6, h = 1 〈102〉 ⊕ 〈−14〉 ⊕ 〈−2〉(0, 1/2, 1/2) nr
n = 176, d = 759 = 3 · 11 · 23, η = 4, h = 1 〈11〉 ⊕ 〈−69〉 ⊕ 〈−1〉 nr
n = 177, d = 777 = 3 · 7 · 37, η = 6, h = 1 〈74〉 ⊕ 〈−6〉 ⊕ 〈−7〉(1/2, 1/2, 0) nr
n = 178, d = 795 = 3 · 5 · 53, η = 6, h = 1 〈3〉 ⊕ 〈−106〉 ⊕ 〈−10〉(0, 1/2, 1/2) er
n = 179, d = 805 = 5 · 7 · 23, η = 3, h = 1 〈1〉 ⊕ 〈−115〉 ⊕ 〈−7〉 nr
n = 180, d = 854 = 2 · 7 · 61, η = 3, h = 1 〈2〉 ⊕ 〈−122〉 ⊕ 〈−14〉(0, 1/2, 1/2) nr
n = 181, d = 897 = 3 · 13 · 23, η = 5, h = 1 〈13〉 ⊕ 〈−23〉 ⊕ 〈−3〉 nr
n = 182, d = 897 = 3 · 13 · 23, η = 7, h = 1 〈6〉 ⊕ 〈−26〉 ⊕ 〈−23〉(1/2, 1/2, 0) nr
n = 183, d = 930 = 2 · 3 · 5 · 31, η = 2, h = 1 〈2〉 ⊕ 〈−186〉 ⊕ 〈−10〉(1/2, 0, 1/2) nr
n = 184, d = 935 = 5 · 11 · 17, η = 6, h = 1 〈187〉 ⊕ 〈−5〉 ⊕ 〈−1〉 nr
n = 185, d = 966 = 2 · 3 · 7 · 23, η = 2, h = 1 〈46〉 ⊕ 〈−14〉 ⊕ 〈−6〉(1/2, 1/2, 0) nr
n = 186, d = 1106 = 2 · 7 · 79, η = 1, h = 1 U ⊕ 〈−1106〉 nr
n = 187, d = 1155 = 3 · 5 · 7 · 11, η = 2, h = 0 〈14〉 ⊕ 〈−22〉 ⊕ 〈−15〉(1/2, 1/2, 0) er
n = 188, d = 1155 = 3 · 5 · 7 · 11, η = 4, h = 1 〈3〉 ⊕ 〈−77〉 ⊕ 〈−5〉 nr
n = 189, d = 1155 = 3 · 5 · 7 · 11, η = 8, h = 1 〈1155〉 ⊕ 〈−1〉 ⊕ 〈−1〉 er
n = 190, d = 1155 = 3 · 5 · 7 · 11, η = 14, h = 0 〈22〉 ⊕ 〈−15〉 ⊕ 〈−14〉(1/2, 0, 1/2) er
n = 191, d = 1254 = 2 · 3 · 11 · 19, η = 4, h = 1 〈38〉 ⊕ 〈−22〉 ⊕ 〈−6〉(1/2, 1/2, 0) nr
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n = 192, d = 1365 = 3 · 5 · 7 · 13, η = 1, h = 1 〈455〉 ⊕ 〈−3〉 ⊕ 〈−1〉 nr
n = 193, d = 1365 = 3 · 5 · 7 · 13, η = 5, h = 1 〈5〉 ⊕ 〈−39〉 ⊕ 〈−7〉 er
n = 194, d = 1365 = 3 · 5 · 7 · 13, η = 15, h = 1 〈6〉 ⊕ 〈−65〉 ⊕ 〈−14〉(1/2, 0, 1/2) er
n = 195, d = 1394 = 2 · 17 · 41, η = 3, h = 1 U ⊕ 〈−1394〉 nr
n = 196, d = 1659 = 3 · 7 · 79, η = 2, h = 1 〈79〉 ⊕ 〈−14〉 ⊕ 〈−6〉(0, 1/2, 1/2) nr
n = 197, d = 1785 = 3 · 5 · 7 · 17, η = 4, h = 1 〈30〉 ⊕ 〈−17〉 ⊕ 〈−14〉(1/2, 0, 1/2) nr
n = 198, d = 1785 = 3 · 5 · 7 · 17, η = 6, h = 1 〈17〉 ⊕ 〈−15〉 ⊕ 〈−7〉 nr
n = 199, d = 2145 = 3 · 5 · 11 · 13, η = 10, h = 1〈1〉 ⊕ 〈−143〉 ⊕ 〈−15〉 nr
n = 200, d = 2210 = 2 · 5 · 13 · 17, η = 6, h = 1 〈2〉 ⊕ 〈−170〉 ⊕ 〈−26〉(1/2, 0, 1/2) nr
n = 201, d = 2310 = 2 · 3 · 5 · 7 · 11, η = 1, h = 1〈6〉 ⊕ 〈−70〉 ⊕ 〈−22〉(1/2, 0, 1/2) nr
n = 202, d = 2730 = 2 · 3 · 5 · 7 · 13, η = 6, h = 0〈2〉 ⊕ 〈−546〉 ⊕ 〈−10〉(1/2, 0, 1/2) nr
n = 203, d = 3311 = 7 · 11 · 43, η = 1, h = 1 〈43〉 ⊕ 〈−77〉 ⊕ 〈−1〉 nr
n = 204, d = 3570 = 2 · 3 · 5 · 7 · 17, η = 7, h = 1〈2〉 ⊕ 〈−714〉 ⊕ 〈−10〉(1/2, 0, 1/2) nr
n = 205, d = 3990 = 2 · 3 · 5 · 7 · 19, η = 4, h = 1〈30〉 ⊕ 〈−38〉 ⊕ 〈−14〉(1/2, 1/2, 0) nr
n = 206, d = 4466 = 2 · 7 · 11 · 29, η = 1, h = 1 U ⊕ 〈−4466〉 nr
References
[AN1] V.A. Alexeev and V.V. Nikulin, The classification of Del Pezzo surfaces with log termi-
nal singularities of the index ≤ 2, involutions of K3 surfaces and reflection groups in
Lobachevsky spaces (Russian), Doklady po matematike i prilogeniyam, MIAN 2 (1988),
no. 2, 51–150.
[AN2] V.A. Alexeev and V.V. Nikulin, The classification of Del Pezzo surfaces with log terminal
singularities of the index ≤ 2 and involutions of K3 surfaces, Dokl. AN SSSR 306 (1989),
no. 3, 525–528; English transl. in Soviet Math. Dokl. 39 (1989).
[B1] R. Borcherds, Generalized Kac–Moody algebras, J. of Algebra 115 (1988), 501–512.
[B2] R. Borcherds, The monster Lie algebra, Adv. Math. 83 (1990), 30–47.
[B3] R. Borcherds, The monstrous moonshine and monstrous Lie superalgebras, Invent. Math.
109 (1992), 405–444.
[B4] R. Borcherds, Sporadic groups and string theory, Proc. European Congress of Mathem.
1992, pp. 411–421.
[B5] R. Borcherds, Automorphic forms on Os+2,2 and infinite products, Invent. Math. 120
(1995), 161–213.
[B6] R. Borcherds, The moduli space of Enriques surfaces and the fake monster Lie superal-
gebra, Topology 35 (1996), no. 3, 699–710.
[C] J.W.S. Cassels, Rational quadratic forms, Academic Press, 1978.
[CCL] G.L. Cardoso, G. Curio and D. Lu¨st, Perturbative coupling and modular forms in N = 2
string models with a Wilson line, Preprint (1996); hep-th/9608154.
[E1] M. Eichler, Quadratische Formen und orthogonale Gruppen, Springer-Verlag, 1952.
[E2] F. Esselmann, U¨ber die maximale Dimension von Lorentz-Gittern mit coendlicher Spiege-
lungsgruppe, Preprint Univ. Bielefeld 92-023 (1992).
[GN1] V.A. Gritsenko, V.V. Nikulin, Siegel automorphic form correction of some Lorentzian
Kac–Moody Lie algebras, Amer. J. Math. 119 (1997), no. 1, 181–224; alg-geom/9504006.
[GN2] V.A. Gritsenko, V.V. Nikulin, Siegel automorphic form correction of a Lorentzian Kac–
Moody algebra, C. R. Acad. Sci. Paris Se´r. A–B 321 (1995), 1151–1156.
[GN3] V.A. Gritsenko, V.V. Nikulin, K3 surfaces, Lorentzian Kac–Moody algebras and mirror
symmetry, Math. Res. Lett. 3 (1996), no. 2, 211–229; alg-geom/9510008.
[GN4] V.A. Gritsenko, V.V. Nikulin, The Igusa modular forms and “the simplest” Lorentzian
Kac–Moody algebras, Matem. Sbornik 187 (1996), no. 11, 27–66; English transl. in
Sbornik: Mathematics 187 (1996), no. 11, 1601–1641; alg-geom/9603010.
[GN5] V.A. Gritsenko, V.V. Nikulin, Automorphic forms and Lorentzian Kac-Moody algebras.
Part I, Preprint RIMS Kyoto Univ. RIMS-1116 (1996); alg-geom/9610022.
[GN6] V.A. Gritsenko, V.V. Nikulin, Automorphic forms and Lorentzian Kac-Moody algebras.
Part II, Preprint RIMS Kyoto Univ. RIMS-1122 (1996); alg-geom/9611028.
[GN7] V.A. Gritsenko, V.V. Nikulin, The arithmetic mirror symmetry and Calabi–Yau mani-
folds, Preprint RIMS Kyoto Univ. RIMS-1129 (1997); alg-geom/9612002.
54 V.V. NIKULIN
[HM1] J. Harvey, G. Moore, Algebras, BPS-states, and strings, Nucl. Physics. B463 (1996),
315; hep-th/9510182.
[HM2] J. Harvey, G. Moore, On the algebras of BPS-states, Preprint (1996); hep-th/9609017.
[Kac] V. Kac, Infinite dimensional Lie algebras, Cambridge Univ. Press, 1990.
[Kaw1] T. Kawai, String duality and modular forms, Preprint (1996); hep-th/9607078.
[Kaw2] T. Kawai, K3 surfaces, Igusa cusp forms and string theory, Preprint (1997); hep-th/-
9710016.
[Kn] M. Kneser, Klassenzahlen indefiniter quadratischer Formen in drei oder mehr Vera¨nder-
lichen, Arch. Math. (Basel) 7 (1956), 323–332.
[M] G. Moore, String duality, automorphic forms, and generalized Kac–Moody algebras,
Preprint (1997); hep-th/9710198.
[N1] V.V. Nikulin, Integral symmetric bilinear forms and some of their geometric applications,
Izv. Akad. Nauk SSSR Ser. Mat. 43 (1979), 111–177; English transl. in Math. USSR Izv.
14 (1980).
[N2] V.V. Nikulin, On factor groups of the automorphism groups of hyperbolic forms modulo
subgroups generated by 2-reflections, Dokl. Akad. Nauk SSSR 248 (1979), 1307–1309;
English transl. in Soviet Math. Dokl. 20 (1979), 1156–1158.
[N3] V.V. Nikulin, On the quotient groups of the automorphism groups of hyperbolic forms
by the subgroups generated by 2-reflections, Algebraic-geometric applications, Current
Problems in Math. Vsesoyuz. Inst. Nauchn. i Tekhn. Informatsii, Moscow 18 (1981),
3–114; English transl. in J. Soviet Math. 22 (1983), 1401–1476.
[N4] V.V. Nikulin, On arithmetic groups generated by reflections in Lobachevsky spaces, Izv.
Akad. Nauk SSSR Ser. Mat. 44 (1980), 637–669; English transl. in Math. USSR Izv. 16
(1981).
[N5] V.V. Nikulin, On the classification of arithmetic groups generated by reflections in
Lobachevsky spaces, Izv. Akad. Nauk SSSR Ser. Mat. 45 (1981), no. 1, 113–142; English
transl. in Math. USSR Izv. 18 (1982).
[N6] V.V. Nikulin, Surfaces of type K3 with finite automorphism group and Picard group of
rank three, Trudy Inst. Steklov 165 (1984), 113–142; English transl. in Proc. Steklov
Math. Inst. 3 (1985).
[N7] V.V. Nikulin, On a description of the automorphism groups of Enriques surfaces, Dokl.
AN SSSR 277 (1984), 1324–1327; English transl. in Soviet Math. Dokl. 30 (1984), 282–
285.
[N8] V.V. Nikulin, Discrete reflection groups in Lobachevsky spaces and algebraic surfaces,
Proc. Int. Congr. Math. Berkeley 1986, vol. 1, pp. 654–669.
[N9] V.V. Nikulin, Basis of the diagram method for generalized reflection groups in Lobachev-
sky spaces and algebraic surfaces with nef anticanonical class, Intern. J. of Mathem. 7
(1996), no. 1, 71–108; alg-geom/9405011.
[N10] V.V. Nikulin, A lecture on Kac–Moody Lie algebras of the arithmetic type, Preprint
Queen’s University, Canada #1994-16, (1994); alg-geom/9412003.
[N11] V.V. Nikulin, Reflection groups in Lobachevsky spaces and the denominator identity for
Lorentzian Kac–Moody algebras, Izv. Akad. Nauk of Russia. Ser. Mat. 60 (1996), no. 2,
73–106; English transl. in Izvestiya Math. 60 (1996), no. 2, 305–334; alg-geom/9503003.
[N12] V.V. Nikulin, The remark on discriminants of K3 surfaces moduli as sets of zeros of
automorphic forms, J. of Mathematical Sciences, 81 (1996), no. 3, Plenum Publishing,
2738–2743; alg-geom/9512018.
[N13] V.V. Nikulin, K3 surfaces with interesting groups of automorphisms, Preprint RIMS
Kyoto University RIMS-1132 (1997); alg-geom/ 9701011.
[P-S˘S˘] I..I. Pjatetcki˘i-S˘apiro, I.R. S˘afarevich, A Torelli theorem for algebraic surfaces of type
K3, Izv. Akad. Nauk SSSR Ser. Mat. 35 (1971), 530–572; English transl. in Math. USSR
Izv. 5 (1971).
[R] M.S. Raghunatan, Discrete subgroups of Lie groups, Springer-Verlag, 1972.
[SW] R. Scharlau and C. Walhorn, Integral lattices and hyperbolic reflection groups, Aste´risque
209 (1992), 279–291.
[V1] E´.B. Vinberg, Discrete groups generated by reflections in Lobachevsky spaces, Mat. Sb.
(N.S.) 72 (1967), 471–488; English transl. in Math. USSR Sb. 1 (1967), 429–444.
[V2] E´.B. Vinberg, On groups of unit elements of certain quadratic forms, Mat. Sbornik 87
(1972), 18–36; English transl. in Math USSR Sbornik 16 (1972), 17–35.
HYPERBOLIC ROOT SYSTEMS 55
[V3] E´.B. Vinberg, The absence of crystallographic reflection groups in Lobachevsky spaces
of large dimension, Trudy Moscow. Mat. Obshch. 47 (1984), 67–102; English transl. in
Trans. Moscow Math. Soc. 47 (1985).
[V4] E´.B. Vinberg, Hyperbolic reflection groups, Uspekhi Mat. Nauk 40 (1985), 29–66; English
transl. in Russian Math. Surveys 40 (1985).
[VSh] E´.B. Vinberg and O.V. Shvartsman, Discrete groups of motions of spaces of constant
curvature, Sovrem. problemy matem. Fundam. Napr. Vol. 29, Geometriya 2, VINITI,
Moscow, 1988, pp. 147–259; English transl. in Encyclopaedia of Math. Sciences. Geometry
II, vol. 29, Springer-Verlag, 1991.
[W] C. Walhorn, Arithmetische Spiegelungsgruppen auf dem 4-dimensionalen hyperbolischen
Raum, Dissertation zur Erlangung des Doktorgrades der Fakulta¨t fu¨r Mathematik der
Universita¨t Bielefeld (1993).
Steklov Mathematical Institute, ul. Gubkina 8, Moscow 117966, GSP-1, Russia
E-mail address: slava@nikulin.mian.su
